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A behavioral approach for LPV data-driven
representations

Chris Verhoek, Ivan Markovsky, Sofie Haesaert, and Roland Té6th

Abstract—In this paper, we present a data-driven rep-
resentation for linear parameter-varying (LPV) systems,
which can be used for direct data-driven analysis and
control of such systems. Specifically, we use the behavioral
approach to develop a data-driven representation of the
finite-horizon behavior of LPV systems for which there ex-
ists a kernel representation with shifted-affine scheduling
dependence. Moreover, we provide a necessary and suffi-
cient rank-based test on the available data that concludes
whether the data fully represents the finite-horizon LPV
behavior. Using the proposed data-driven representation,
we also solve the data-driven simulation problem for LPV
systems. Through multiple examples, we demonstrate that
the results in this paper allow us to formulate a novel set
of direct data-driven analysis and control methods for LPV
systems, which are also applicable for LPV embeddings of
nonlinear systems.

Index Terms—Behavioral systems theory, linear
parameter-varying systems, data-driven simulation and
control.

. INTRODUCTION

Due to the ever-growing complexity of engineering systems,
hindering traditional modeling methods, and the increasing
availability of data there is a growing interest in accomplishing
analysis and control design directly on the basis of data.
Particularly, direct data-driven analysis and control methods
founded on the behavioral framework have gained a lot of
attention. This is because these methods allow for rigorous
stability and performance guarantees. A key result that enables
using such approaches is Willems’ Fundamental Lemma [1],
which allows for representing the behavior of a discrete-
time (DT) linear time-invariant (LTI) system using a single
sequence of measurement data, where the input is persistently
exciting (PE) of a certain order, i.e., the data is sufficiently
‘rich’. Based on this result, many data-driven analysis and
control methods have been developed for DT LTI systems, see,
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e.g., [2] for an overview. A further generalization of the PE
condition is the so-called generalized persistence of excitation
(GPE) condition [3], which provides an (a posteriori) test
to decide whether the data is rich enough to represent the
underlying behavior of the system. In the literature, ‘the Fun-
damental Lemma’ is generally used to refer to the data-driven
representation of the finite-horizon behavior, irrespective of
whether it is used in conjunction with the PE condition or the
GPE condition.

Many extensions of the Fundamental Lemma have been pro-
posed in the literature, such as for continuous-time (CT) LTI
systems [4], 2D LTI systems [5], stochastic LTI systems [6],
and variants for convex, conical, and affine behaviors [7].
Beyond the class of LTI systems, several approaches have
been proposed to extend the Fundamental Lemma towards
specific classes of nonlinear systems, e.g., [8]-[11]. These
methods, however, generally impose restrictive assumptions on
the system class (e.g., the system must be feedback lineariz-
able, periodic, or described by a finite Volterra series). These
assumptions allow for recasting the problem in an equivalent
LTT form on which the standard PE or GPE conditions can be
applied.

Alternatively, an efficient way of handling nonlinear systems
is via the framework of linear parameter-varying (LPV)
systems. For LPV systems, the behavior is defined by a
linear dynamic relationship that depends on a measurable
signal p, called the scheduling signal [12], [13]. Such LPV
representations are often used as linear, surrogate models
for the analysis and control of nonlinear systems, where the
scheduling signal captures the nonlinearities and exogenous
effects [14], [15]. This makes the LPV framework a bridge
between linear and nonlinear analysis and control [13]. In
fact, the LPV framework has been successfully applied in
practice to solve complex nonlinear control problems [16]—
[18]. We refer to [12] for a broad, up-to-date overview of
the current state-of-the-art in (model-based) LPV analysis and
control. Due to the attractive properties and success of the LPV
framework, developing direct data-driven analysis and control
methods for LPV systems is an important stepping stone to
achieve a generalization of the original LTI data-driven results
to the nonlinear case. In this paper, we aim to accomplish
this in terms of generalization of the behavioral data-driven
representation for the class of LPV systems and developing a
corresponding GPE condition.

To formulate our results, we will restrict the scope to
LPV systems whose behavior can be characterized by an
LPV kernel representation that has shifted-affine scheduling
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dependence. We refer to this subclass as LPV-SA systems.
This is a highly useful subclass, as these systems admit a direct
LPV state-space (SS) representation with static scheduling
dependence, which is convenient for usage in LPV analysis
and control methods. Moreover, through the 27 Fundamental
Theorem of Calculus, a large class of nonlinear systems' can
be modeled in an LPV-SA form [19], [20].

In [21], a rather general extension of the Fundamental
Lemma was given for the class of LPV systems with meromor-
phic, dynamic scheduling dependence. However, beyond the
theoretical interest, this formulation results in a data-driven
representation that uses composition weights for the data that
are arbitrary meromorphic functions of the scheduling signal
with an arbitrary number of lags. As there are no system-
atic methods available that can compute these meromorphic
weights, the data-driven LPV representation in [21] is difficult
to apply in practice. It was also shown as a remark in [21],
that this general form of the LPV Fundamental Lemma can
be reduced to a simpler, practically useful form for LPV-SA
systems, based on which a whole series of contributions on
data-driven LPV methods has been developed. Particularly,
direct data-driven predictive control schemes [22], [23], direct
data-driven LPV state-feedback control synthesis [24], direct
data-driven dissipativity analysis [25], or efficient identifica-
tion schemes [26]. However, the LPV Fundamental Lemma
for this rather useful subclass of LPV-SA systems has never
been directly formulated. Furthermore, computable conditions
to check whether the data is ‘rich’ enough, i.e., the derivations
of GPE conditions, have never been sorted out. Moreover, the
LPV data-driven simulation problem has not been formally
solved yet. In this paper, we fill these gaps in the current
literature by providing the following contributions:

C1: We formulate a finite-horizon data-driven LPV represen-
tation for LPV-SA systems that is directly and easily
computable from a given data set;

C2: We provide a necessary and sufficient condition that is
verifiable on the given data set to conclude whether the
data can characterize the full finite-horizon behavior of
the LPV-SA system;

C3: We provide a formal solution to the data-driven simula-
tion problem;

C4: We demonstrate the capabilities of our results in terms
of solving simulation and control problems on an LPV
system and a nonlinear system.

The remainder of the paper is structured as follows. We for-
malize the considered problem setting in Section II. Section III
discusses the properties of behaviors of LPV-SA systems,
such as their complexity and dimension. The data-driven
representation and associated conditions on the data, consti-
tuting to Contributions C1 and C2, are given in Section IV.
The formalization of the simulation problem and its solution
(Contribution C3) are given in Section V, while Section VI
presents two examples that demonstrate the applicability of our
methods in analysis and control of LPV and nonlinear systems.

ISpecifically, the class of nonlinear DT systems with a continuously
differentiable input-output map. That is, for y(k) = f(y(k —1),...,y(k —
n),u(k),...,u(k —n)), with f € Cy.
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Finally, conclusions and possible future research directions are
given in Section VIL

Notation:

R is the set of real numbers, while the set of integers is
given by Z. Consider the subspaces A,B. The projection of
D C A x B onto the elements of A is denoted by 7,0 =
{a € A | (a,b) € D}, while B* indicates the collection of all
maps from A to B. We denote the dimension of a subspace
by dim(A). The p-norm of a vector z € R™ is denoted
by ||z||p. For the two matrices A € R"*"™ and B € RP*9,
the Kronecker product is given as A ® B € RP™*9" while
blkdiag is the block-diagonal composition for matrices, i.e.,
blkdiag(A, B) = [4 §] € R™"P*™+4_ The identity matrix
of size n x n is denoted as I,,. Furthermore, col(z1,...,x,)
denotes the column vector [«] - z] ]T. The image (or column
space) of a matrix A is denoted as image(A), while its kernel
(or null space) is denoted as kernel(A4). Consider a signal
w : Z — R™ . The value of a signal w : Z — R"v at time
step k is denoted as w(k) € R™ and its ™ element is given by
w; (k) € R. The forward and backward time-shift operators are
denoted by q and q~'. We denote a time-interval between t;
and to, t; < t9 by [t1,t2] C Z. For the time interval T C Z, we
write wr as the truncation to w on T, e.g., for T := [1, N] we
have wpy Ny = (w(1),...,w(N)) € (R”W)[I’N]. The notation
Wi, N, A VUNg] € (R”W)”’NlJFNQ] indicates concatenation
of wy ) followed by vy, € (R™)M2 while, with

a slight abuse of notation, col(w,v) indicates the stacked

. wk-1)] [wk)] [wk+1)
signal (..., [ w(k—1) } ) [ (k) } ] [v(k+1)

the following form (p(k) ® w(k))M_, is denoted by W -
For wyy, ), the associated Hankel matrix of depth L is given
by

},) A sequence of

w(1) w(2) w(N —L+1)
w(2 w(3 oo wN—=L+2

Hr(wp,ny) = ( : ( : ( : ) ;
w(L) w(L+1) w(N)

while the block-diagonal Kronecker operator ‘@’ is denoted
as wpy,N] @1, = blkdiag(w(1)® 1y, ..., w(N)®1,). Finally,
throughout the paper we distinguish signals from recorded data
sets with a breve accent, e.g., w.

[I. PROBLEM FORMULATION
A. System definition and behaviors

We study DT LPV systems that can be represented by the
kernel representation:

Srori(dp)’ w =0,
—_

R(p,q)

(1a)

with manifest signals w € (R™)”, scheduling signals p € P%
and scheduling dependent coefficients 7; : PZ — R™X™w that
have a shifted-affine dependence on p:

ri(a'p) = rio + X0y rid'p) (1b)
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u y
with r; ; € R™>*™_ We refer to LPV systems that have a 2 > >
representation in the form of (1) as LPV Shifted-Affine (LPV- 4 s(p) »
SA) systems. The signal p is considered to be free and varying ZﬂAAvaVV—
in the scheduling set P C R™», which is often chosen as a / — m
closed subset of R™» that contains the origin. By introducing 7 ;('1'
a partitioning® of w to inputs v € (R™)% (maximally free? 2 9/75 g\é
7

signals) and outputs y € (R™ )%, (1b) becomes an input-output
(IO) representation with w = col(u,y) and r; = [7y; Ty,
where 7 ; 1 P2 — R™MXma o0 PP RWXM and ny, =
Ny +ny. For the remainder of this paper, the class of LPV-SA
systems with n, scheduling signals and 7, manifest variables
is denoted by >, ...

In this paper, we consider the behavioral approach [27]. The
behavior B is the collection of all solution trajectories compat-
ible with the system. The representation (1) is a representation
of a given behavior B of an LPV-SA system X € %, if

B = {(w,p) € (R™ x P)Z | (1) holds}. 2)

Following [14, Def. 3.24 & Def. 3.25], we consider (1) to
be minimal if ny is such that R(p,q) in (1) has full row
rank, and this full row rank representation has the smallest
polynomial order n, among all possible full row rank kernel
representations that can characterize 8 of a ¥ € X, . It
is shown in [14, Thm. 3.6] that there always exists a minimal
kernel representations that represents ‘B.

A few subsets of ‘B are useful to consider. Specifically, the
set of admissible scheduling trajectories of *B:

Bp = m,B = {peP’|Jwe (R™)" st (w,p) € B},
3)
the set of w trajectories that are compatible with a particular,
given scheduling trajectory p € Bp, i.e.,

B, = {we (R™)" | (w,p) € B}, &)

and the trajectories in B that are restricted to the time interval
[k1, k2] C Z, k1 < ko. The set containing these trajectories is
given by

%|[k1,k2] = {(w7p)[k1,k2] € (Rnw X P)[khk?] |

3(w,p) € B sit. (wk),p(k)) = (w(k), p(k))
for k‘1 S k S k‘g}

Note that this notation can be applied to (3) and (4) as well.

Because LPV systems are linear along a scheduling trajec-
tory, B, is a linear subspace. LPV systems are time invariant
in the sense that ¢*8 = ‘B, and thus B, = B,. Moreover,

%‘[kl,kg] = %‘[1,1@271@1“]-

Example 1. We will clarify the introduced concepts and
notation by means of an example. We consider a mass-spring-
damper (MSD) system where the stiffness of the spring is
varying with a measurable signal p. Such an MSD system can
occur in many practical scenarios, e.g., the linear axis of a

In many works on the behavioral approach, a non-singular permutation
matrix IT is used to characterize the partitioning, such that w = H[Z] To
streamline the notation, we choose w.l.o.g. I = 1.

3 A maximally free input means that for a given w, none of the components
of y can be chosen freely for all p € Bp.

Fig. 1: Schematics of a mass-spring-damper system with a spring
that is varying with a measurable signal p. The input of the system
is a force u, while the output is the measured position y.

water-jet cutter where the stiffness of the cable-slab is depen-
dent on the water-flow of the jet, hence p is the (measurable)
water-flow. A schematic representation of the MSD system is
given in Fig. 1. The input u is the force [N] exerted on the mass
m [kg], and the output y is the measured position [m] of the
mass. The damper has damping coefficient d, while the spring
has a stiffness coefficient described by the function s(p). The
variation of s(p) is described by

s(p(k)) = so + s1p(k),

Euler discretization of the CT MSD dynamics with sampling
time 7 gives the following LPV representation:

p(k) € [-1,1].

(k) + (5 = 2) y(k =)
(1 T - 2)) y(k - 2)

=Lu(k—2). (5)

With w = col(u,y), we can write (5) as an LPV-SA kernel

representation of the form (1), with
_ T2 +s0 T2—d Ty T2
R(p,q) = |- = Hm +2ep

q2+ dT572mq+

m

)

where we first multiplied both sides in (5) with q2. The solu-
tion trajectories for this system, collected in ‘B are described
by this particular R(p,q). <

B. Problem statement

The goal of this paper is to characterize EB|[L L) purely
based on a given data set (Contribution C1). It is important
that the characterization is computable and it is verifiable
whether the full %|[1’ L] is represented by the given data
(Contribution C2). Once we have these, we can use the
representation for data-driven simulation (Contribution C3).
This gives the following problem formulations:

Problem 1. Given a data set from an LPV-SA system ¥ e
Y, .ny With behavior B and a given complexity:

Dy, = (W1,Na)> D1,Na) € Blia ng) » (6)

where w and p are noise free. For a given L, formulate a
representation of §B|[1 L) of X from only the data in Dy,.

To ensure validity of the representation, we require com-
putationally verifiable conditions to conclude whether Dy, is
‘rich’ enough to represent %|[1 L
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Problem 2. Give an explicit condition for Dy, that is com-
putationally verifiable to conclude whether ‘B|[1 L) of ¥ can
be fully represented by Dy, .

As motivated in Section I, the data-driven simulation prob-
lem for LPV systems was not formally solved. In this paper,
we fill this gap by solving the following problem:

Problem 3. Use the solutions to Problems 1 and 2 to achieve
simulation of 3, i.e., computation of its response for a given
input trajectory and initial condition, purely based on Dy,.

To obtain the solutions to the above problems, we first
need to study the properties of LPV-SA systems and their
(restricted) behaviors.

[1I. PROPERTIES OF LPV-SA BEHAVIORS

In this section, we explore the properties of LPV-SA be-
haviors that are instrumental to solve Problems 1-3. We first
provide the connections between kernel, IO and SS representa-
tions of LPV-SA behaviors. These connections naturally lead
to the formal notion of complexity for an LPV-SA system,
with which we formulate one of the key ingredients required

to solve Problem 2; the dimension of %phl L

A. Representations of LPV-SA behaviors

As motivated in Section I, the class of LPV-SA systems
is, although restrictive, a highly useful system class. This is
because it has direct IO and SS realizations with a structured
dependence, which streamlines LPV identification, analysis
and control design.

1) Input-output representations: A key aspect of the behav-
ioral framework is that there is no prior distinction between
inputs and outputs. This makes that kernel representations,
e.g., (1), are the fundamental building blocks for representing
systems in this framework. In control engineering, however,
defining the input and output properties of signals is often
needed. Hence, following the partitioning w = col(u,y), as
already introduced in Section II, we can represent the behavior
in terms of an LPV-IO form.

If the input is chosen such that it is maximally free, then
the number of inputs n, is an invariant property of ‘B, which
follows directly from [28, Thm. 6] and the definition of a
maximally free input. We denote the invariant property of
the input dimension by m(8), and this is, in fact, the first
component of the complexity of B.

We will consider an LPV-IO representation of the be-
havior in filter form, resulting from the transformation
q ™ R(p,q)w = 0. In this filter form, we can split up the
coefficients of (1) according to the aforementioned partition-
ing, providing the p-dependent coefficient functions

ri(a'p) = [bn,—i(@" "™ p)  —an,—i(q""™p)], i€,

with
Na b
a(p,a) = aia~’p)a’, b(p,a) =Y bi(a 'p)a
=0 =0
@)
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and n, = max(n,,ny), giving the shifted-affine LPV-IO
realization

VS (o) = 3 by (k) u(k—s). (®)
i=1 j=0

Here, we assume that a9 = I, . Although for single-
input-single-output (SISO) systems, dividing by ag is always
possible to obtain (8), such an operation can potentially
introduce rational dependency over p(k) in the remaining
coefficients with corresponding singularities. In the multiple-
input-multiple-output (MIMO) case, invertibility of ag is not
always ensured to obtain such a form. Nevertheless, in the
sequel, we restrict our attention to cases where the leading
coefficient ay can be taken to be identity, for the purpose of
showing the connections between the different representations.

With ag = I,,,, the scheduling-dependent functions a;, b;
in (8) are simply partitions of the coefficient functions 7;
in (1), hence they are affine in p(k — ¢), and w is a max-
imally free signal w.r.t. each 8,. Minimality of the LPV-
IO representation (8) is directly adopted from the kernel
representation, and is achieved if a in (7) has full row rank.
The LPV-IO representation is controllable if it is minimal
and the polynomials a and b are left-coprime, see Def. 3.28
and the proof of Thm. 5.1 in [14]. The latter implies that a
and b contain the minimum number of lags of w and y to
represent 8. Here we uncover another invariant property of ‘B;
the lag L(5), which is the minimum required degree of the
polynomials in (7) to be able to represent B. Hence, for a
minimal (8), max(n,,ny) = n, = L(B). The lag is another
component of the complexity of 8. The final measure of the
complexity of B is the minimal required state dimension of
an LPV-SS realization of B, which we will discuss next.

2) State-space representations: LPV-SS representations are
standard in LPV analysis and control design. Particularly
useful are LPV-SS representations with static scheduling de-
pendence, i.e., composed of matrices that are only dependent
on p(k):

qr = A(p)z + B(p)u, (92)
y = C(p)z + D(p)u, (9b)

with z(k) € R™ being a latent variable that qualifies as a
state and u(k) € R™(®). The full behavior of (9) is given by

B = {(u,y,p,7) € (R™ x R™ x P x R™)" |
(9) holds}. (10)
An important feature of LPV-SA systems is that the LPV-

IO representation (8) has a direct LPV-SS realization of the
form (9) [29] with matrix functions

{ A(p) B(p) } _

ai(p)  In, 0 bi(p) — a1(p)bo(p)
ap,-1(p) 0 Tny 1 By 1 (D) =1 ()b0(D) | *
S (p) 0 - 0 1 bny(p) =~ an, (P)bo(p)
I, 0 0 bo(p)
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where, with a slight abuse of notation, the state construction
is, see [29, Sec. IV.A],

T =qri—1 +ai—1(p)y —bi—1(p)u, (k) € R™  (12a)
for ¢ € [2, max(n,, ny)], and where
x1 =y — bo(p)u. (12b)

Note that with the construction (12), ny = n,L(‘B).

Due to the direct LPV-SS realization, we have that
Tu,y,pB% = B, ie., the manifest behaviors defined by the IO
representation (8) and the LPV-SS representation (9) with (11)
are equivalent. Based on this, we can also define minimality
of the LPV-SS representation (9) (with static scheduling de-
pendence) as the minimum number of states required such that
Tu,y,p B> = B holds within the class ¥, . We call this
the order of *B. This is an invariant property for behaviors
B of LPV-SA systems in %, . , which follows from [14,
Thm. 3.7]. This, in fact, is the last measure for the complexity
of an LPV-SA system, which we denote by n(8).

For SISO systems, i.e., n, = n, = 1, the direct LPV-
SS realization (11) is minimal, ie., ny = n(B), if the
polynomials a and b in (8) are left-coprime. This means
that we also have L(8) = n(8). For MIMO systems, i.e.,
ny,ny > 1, this is generally not the case as L(B) < n(B).
In the MIMO case, a minimal realization of (9) from (11)
can always be obtained by means of moment matching* [31]
or an LPV Kalman decomposition [32]. With both methods,
the minimal realization of (9) is obtained using a constant
projection matrix that projects the state to a lower dimension.
This means that the resulting (reduced) A(p),...,D(p) will
still have static scheduling dependence and the same functional
dependence (e.g., C is still scheduling independent).

B. Complexity and dimension of behaviors

From Section III-A, we recovered the integers m(‘B),
L(®B), and n(*B) that are a measure for the complexity of
the behavior B of an LPV-SA system X € %, , . In line
with [26], we characterize the complexity by the triple

¢(B) = (m(B), L(B),n(B)), (13)

where m(®8) is the number of inputs, L(*8) is the minimal
lag of the system, and n(B) is the order of B.

With these integer invariants defined, we will now formulate
one of the key ingredients required for the solution to Prob-
lem 2. More specifically, we now show that for an L > L(*B),
the dimension of By, ;) with ppy 1) € Be|jy ;) is equal to
n(B) + m(B)L.

Lemma 1 (Dimension of ‘B, [17L]). Consider an LPV-SA
system ¥ € Y, n, with behavior B and complexity c(B).
Given any pj1,1) € Bpljy 1) Then, dim(By|, ;;) = n(B) +
m(B)L if and only if L > L(%B).

Proof. See Appendix 1. |

This result will allow us to prove what we call the LPV
Fundamental Lemma for the class of LPV-SA systems %, .

4See also the implementation in LPVCORE [30].

Note that we have presented a version of Lemma 1 in the
meromorphic context in preliminary work [21, Cor. 1]. In this
paper, we prove this result in the context of the class of LPV-
SA systems.

We now have all the ingredients for the formulation of a
data-driven representation of the finite-horizon behavior of
LPV-SA systems, and thus to solve Problems 1 and 2.

V. DATA-DRIVEN REPRESENTATION OF LPV-SA
SYSTEMS

This section presents the first part of our main result, which
is the data-driven characterization of LPV-SA systems. First,
a representation of the finite-horizon behavior of LPV-SA
systems based on a given data set Dy, is introduced, providing
a solution to Problem 1. Next, we derive a GPE condition to
test whether Dy, is ‘rich’ enough to fully characterize the
finite-horizon behavior, providing a solution to Problem 2. We
conclude this section with a note on input design.

A. Data-driven representation

We formulate a data-driven representation of Y‘Bp|[1, L that
is valid for any p € %p|[17 L) by means of embedding the
behavior represented by the kernel representation into an LTI
realization, whose behavior is constrained by a scheduling-
dependent kernel constraint. Isolating a single term in the
polynomial corresponding to the kernel representation (1)

ri0+ Zh‘,jpj (k+1i) | w(k+1),

j=1

(14)

reveals that we can write the individual terms of (1), i.e., (14),
in terms of the auxiliary signal

w'(k+1) = {p(kl-ﬁ- i)} @ w(k 4 i) € RAEFmIm - (15)

such that

(’I“i70 + Z;‘Lilri,jpj(k + 7,)) w(k + 7,) =

730 Timg | W' (k+1). (16)
%,_/

/
T

The definition of this auxiliary signal w’ allows us to embed
the behavior associated with a kernel representation with
shifted-affine dependency as an LTI representation. Intuitively,
this LTI embedding treats the npn,, variables of p(k) ® w(k)
as additional inputs, i.e., free variables, even if they are not.
The LTI embedding of (1) gives

R'(qu' =Y 1" grig'w’ =0, (17)
with the behavior
B = {w' : T — RO+ | (17) holds}. (18)

The main difference between % and 9B’ is that the entries
of w’ are notr independent from each other in the original
LPV representation (1), while in the LTI embedding (17)
this interdependency is ignored. Hence, for some w' € B’
there might not exists a pair (w,p) € B such that w'(k) =
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(@) (b) ©
Fig. 2: Tllustration of the (a) LPV system versus (b) its LTI embed-
ding and (c) their corresponding behaviors. The behavior of the LTI
embedding over-approximates the behavior of the LPV system.

col(w(k),p(k) ® w(k)) for all k, implying that B C B’
The resulting behavior of the LTI embedding thus over-
approximates the behavior of the LPV system, see Fig. 2c
for illustration. We will counteract this over-approximation
in the next paragraph, to arrive at an exact data-driven LPV
representation of B, )" As the introduced auxiliary signals

p(k) ® w(k) € R™™ are considered to be free, we have that

m(B’) = m(B) + npny. (19)

Additionally, this consideration implies that (17) is an LTI
system on which we can apply the existing results on data-
driven LTI representations, i.e., Willems’ Fundamental Lemma
and its associated results [1], [3]. For a given data set Dj\,d =
u“)fL NaJ’ these results provide that

image(H . (] [1,Ng ])) < %/|[1,L] ) (20)

where equality holds if and only if the GPE (generalized per-
sistence of excitation) condition for LTI systems [3, Cor. 19]
holds, i.e.,

rank(Hz (W) n,))) = n(B) + m(B')L. (21)

Given that (21) holds, we thus have that for any “’f1 I €
B'|(; 1), there exists a g € RNa=L+1 gych that

He (W) n,1)9 = vec(w] 1)) (22)

holds. Hence, the equality (22) serves as a data-driven repre-
sentation of the extended behavior B’ of the LTI embedding.
We will now take back into account the previously ignored in-
terdependencies in w’, and thus counteract the aforementioned
over-approximation.

Let us introduce the signal w[1 Na = (p(k) ® w(k)),ivil
such that wj, v, = col (wir, ny], [1,Nd])' This allows us to
write (22), after a permutation of the rows, as

(23)

As observed in [22], Vec(wFLL]) = P"™vec(wp,)), where
P =ppn,1) © In, . Hence,

vec(w? wp, L]) = P"vec(wp,z)) = P™Ho(Wn,n,)g-  (24)

Any g satisfying (24), respects the underlying dynamic struc-
ture w.r.t. the scheduling in wl )y ie., it serves as a re-
striction on the behavior of the LTI embeddlng that elim-
inates the aforementioned over-approximation. This restric-
tion becomes visible when we substitute (24) into (23), and
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move “P™Hp (W, n,)g to the left-hand side of (23):

Hr (W, ny)) _ |:VeC(’LU[17L]):|

Nd])—P v H(W,N,)) g 0 '

(25)
We can notice that the first block-row in (25) characterizes
the LTI part of the LPV system (associated with 7; o), while
the second block-row provides a restriction on the g vectors
that provide trajectories wyy,z) from the linear combination
of the columns of Hp (w; ). This restriction is not only
dependent on the information encoded in (N}, P[1,n4])»
i.e., D, but also on the scheduling signal P, € %phLL]
associated with wp; r). Hence, the left-hand side of (25)
provides us with a data-driven characterization of %p|[1, L)
i.e., a characterization of all wy; 1) trajectories that correspond
to the scheduling trajectory pj1,7) € %phl,L].

Given sufficiently rich data, we now established that all
possible wyy 1) € %p\[L 1) are characterized by vectors g that
satisfy (25), i.e., vectors g that are both in the row space of
H (W1, n,)) and the kernel of My (wf, y ) =P™ He (Wi, N,))
for a given scheduling trajectory py;,z). Hence, by defining

i,

N, = kernel (’HL( f ) P H (W 1Nd]))a (26)
we have that
image (HL( 1 Nd})Np) < %P‘[l,L] :

We now established an exact data-driven representation of the
set of wy ) sequences associated with p; 1), corresponding
to Problem 1 (Contribution C1). Next, we will establish a
condition on Dy, that guarantees (27) to hold with equality,
providing the solution to Problem 2 (Contribution C2).

27

B. The LPV fundamental lemma

In this section, we provide a necessary and sufficient con-
dition verifiable from the data Dy, that ensures whether (27)
holds with equality, providing Contribution C2. We establish
this by showing that the dimension of image (7—[ (o, Nd]Np)
is strongly linked to the dimensionality of ‘B \ . This
results in an so-called ‘“identifiability condition” for LPV-
SA systems, i.e., a GPE condition that is analogous to the
condition put forward in [3]. In other words, we prove the
necessary and sufficient conditions that the data in Dy, should
satisfy to be able to characterize the full %p|[17 1) for a given
Pz € Belpy -

Theorem 1 (LPV-SA Fundamental Lemma). Given a data
set Dy, € %|[17Nd] from an LPV-SA system Y€ Y T
Construct Ny, for some p; 1] € %p“LL] as in (26). For L >
L(®B), the following statements are equivalent:

i) Forallpyy) € ‘Bp|[1,L],

%Pl[l,L] = image (HL(UV}[LN({])NP) , (28)
ii). Forall pp ) € ‘Bp“LL],
rank (M, (i v, )N,) = n(B) + m(B)L,  (29)

iii). For any (wp,r),Pp,1)) € %|[1 L) there exists a vector
g € RNa=L+1 sych that (25) holds
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iv). The following rank condition is satisfied:

’HL(w[LNd})]) _
rank . =n(B) + (m(B) + nyny)L.
' (l% (i ) o

Proof. See Appendix II. ]

Item (ii) in Theorem 1 provides a necessary and sufficient
dimensionality condition on the data-driven representation
of ‘Bp|[17 1) that is verifiable from the data set Dy,. Specif-
ically, the data can fully represent ‘B |[1 I for any ppi.) €
%]ph 11 if and only if (29) holds for all p;; 1) € EBH»| [1,1)-
Although (29) seems to result in an infinite test over all
possible ppi 1) € %p| (1,r]> through the LTI embedding, we
show with Item (iv) that this reduces to a single, simple rank
test on the left-hand side of (23), which is only composed
from the given data in Dy,. We will refer to (30) as the LPV-
GPE condition. The LPV-GPE condition also provides a lower
bound for Ng:

Na > (1+nwnp, +m(B))L+n(B) -1, (31

i.e., the minimum number of samples in Dy, required to
represent B |1 p) for an arbitrary pii 1) € Byl p). It is
important to hlghhght that the LPV-GPE condition pr0v1des no
separate PE condition on the used scheduling trajectory Py n
or input signal 4, in the data set, only on the joint
collection of input, scheduling, and output signals in the data-
dictionary (through (30)). In the next section, we provide a
discussion on generating a Dy, that satisfies (30).

C. Input design

What makes Theorem 1 different from the original (LPV)
Fundamental Lemma in [1], [21] is that we now have a
rank condition on the Hankel matrices involving trajectories
of w and p, while in [1], the rank condition is only on
the input signal u, specifically, rank(H pin(m)(tp,N,)) =

m(B)(L+n(B)). The latter yields an input design condition,
which allows you to a priori design an experiment for the
construction of a data-driven representation, without taking the
output of the system itself into account. It would be tempting
to adopt this condition for the LPV-SA case, i.e., by taking
this rank condition on the Hankel matrix of [ ]. This would
lead to the condition that if

Hiin U
rank L+n(B) (7;‘%1,Nd])
Hpn(m) (U] N,

) =m(B)(1+ny)(n(B) + L),

(32)
then (28) holds. In the following counter example, we show
that this is, unfortunately, not the case.

Example 2. Consider an LPV-SA system X € %, with
the LPV-IO representation:
y(k) + (1 +p(k —1))y(k — 1) = u(k) + p(k —

which has shifted-affine scheduling dependence. Note that
n(®B) = m(B) = L(B) = np, = 1 and n,, = 2 for this
particular system. We compute a data-driven representation

Du(k — 1),

—

u(k
CIAD (= =]

5 10 15 20 25 30 35 40

Fig. 3: Input, scheduling, and output sequences of Dy, in Example 2.

of ¥ for L = 10. For this, we generate a Dy, with Ng = 40,
according to (31). With y(0) = «(0) = p(0) = 1, we apply
an i.i.d. scheduling signal pj; . with p(k) ~ N(0,1) and an
input that is constructed as:

u(k) =plk — 1)(1 —u(k — 1)) + 2,

to the system. Note that this input can in fact be seen as
a control policy to regulate the system to y(k) = 1 for
any scheduling sequence. The resulting input and scheduling
sequences are shown in Fig. 3. By looking at these signals,
one could already argue that they are persistently exciting, and,
indeed, computing the rank in condition (32) gives a rank of 22
(note that m(*B)(1 + np)(L + n(B)) = 22). However, when
inspecting the output response, we see that y(k) = 1 for all
k=1,...,Ng, which is due to the construction of u(k). This
means that (29) and thus (28) will never be satisfied, showing
that directly adopting the input-design condition from [1] does
not apply for systems of the class ¥, ., . Applying the
condition on the LTI embedding (17) with inputs col(u, wP),
gives the correct conclusion, i.e.,

Hrn(m) (U[1,8,

rank HL+n(%)( ar,
Y

Na)
[1,Nd]
H ) (U1 ny

)

)
Na)
(m(B) + nwnp)(L +n(B)), (33)
m(B’)

should hold in order for (28) to hold. Computing the rank as
in (33) with the obtained data set gives 24, while (m(%8) +
nwnp)(L + n(B)) = 33, concluding that the data cannot
represent the considered system for L = 10. <

From Example 2, we see that, in order to have a condition on
the input (and scheduling) that a priori guarantees (28) to hold,
we need a condition on the design of (i, Nals D Pp,n,)) Which
guarantees that the resulting (col([1,n,], ¥1,n5.])s P[1,Na]) €
%\[17 Na] will satisfy (33). We currently do not have a sys-
tematic solution to this problem. Hence, we currently only
have methods that can a posteriori verify whether the data
satisfies the LPV-GPE condition. The development of input
(and scheduling) design conditions that a priori guarantee
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Fig. 4: Schematic representation of the simulation problem: With a
length-T; initial trajectory (wj,p;) (depicted by the red data points),
determine the response (wr, pr) (depicted by the yellow data points)
using only a given data set Dy, = (W[1,n,),P[1,n,]) (depicted by
the blue data points).

satisfaction of (30) is an important and interesting topic for
future research.

V. DATA-DRIVEN SIMULATION

In this section, we consider the solution to the simulation
problem in a data-driven setting in terms of Problem 3. We
want to emphasize that, although the data-driven simulation
has been used already in the LPV setting, see [21]-[23], it has
never been worked out in detail from a theoretical perspective.
Therefore, we formally work out the solution to the simulation
problem in this section as a generalization of the LTI data-
driven simulation that is presented in [33].

A. The LPV data-driven simulation problem

The general form of the simulation problem is: given an
LPV-SA system ¥ € ¥, ,, with IO partition w = col(u, y),
starting from an initial condition, find the response ¥, of X to
(ur, pr) such that (col(ur,y:),pr) € By 7)-

Classically, the initial condition is characterized by an initial
state x of an LPV-SS representation of ‘B, but equivalently
such an initial condition can be (uniquely) expressed in terms
of an initial trajectory. Hence, this provides a way to formalize
the data-driven simulation problem, i.e., Problem 3, as follows:

Problem 4. Given a data set Dy, € B n, from
an LPV-SA system ¥ € X, .., an input-scheduling
pair (uy,p;) € (R™ xIP’)[l’Tr] and an initial trajectory
(wi, pi) € %‘[1,7}]‘ Find a response 3. of X to the input-
scheduling pair (u,,p,) € (R™ x IP’)[I’TT], such that (w;, pi) A
(COl(urayr)apr) € %l[l,TiJrT,}'

The simulation problem is also illustrated in Fig. 4.

B. Trajectory-based initial condition

First, we formally show that the initial condition x of the
response (wy, p;) can be uniquely determined with a length-T;
initial trajectory if 7; is larger than L(‘B).

Lemma 2 (Initial state characterization). Consider an LPV-
SA system Y € 3y, ., with behavior B. Given (wi,p;) €
(R™ x P)ILTL 1f Ty > L(B) and

(wi,pi) A (wr,pyr) € %|[17ﬂ+Tr] ) (34)

then, the initial condition of (wy,p,) is uniquely expressed
in terms of (wi,p:). Equivalently, for a minimal LPV-SS
representation of Y, there exists a unique x € R™®) that
serves as the initial condition of (wy, p;).
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Algorithm 1 LPV data-driven simulation

Requires A data set Dy, € B[ v, an initial trajectory
(wi,pi) € B 7). and an input-scheduling trajectory
(Ur,Pr) € Tup %|[1,Tr]'

1: Compute a g that satisfies

Hr, (W1, ny-1,]) vec(wy)
 Hr (Ur41,84]) g = |vec(u) |,
M (i, ) — Pl o (i v,) 0
(35)

with T = T; + T, and Py =i Ape) @ I,
2: Compute y, via
vec(yr) = Hr, (1 +1,84))9- (36)

Outputs y,

Proof. See Appendix III. |

The result of Lemma 2 provides us with a condition (7; >
L(%8)) that ensures a unique® response to an input-scheduling
pair. In the next section, we give a solution to the LPV data-
driven simulation problem.

C. The LPV data-driven simulation algorithm

To satisfy (wi, pi) A(col(ur, yr),pr) € By 1,1 7,)> We know
from Theorem 1 that (29) and thus (30) should hold for L =
T; + T,. This allows to write

vec(w;)
o M) oo | vectu)
Hr (i, y,)) — Pl He (), v,)) Jveelw)

where T = T, + T, and Pl = (pi A pr) @ Iy, For
a given wj, u;, and scheduling sequence p; A p;, this is a
linear set of equations in the unknowns g and .. Partitioning
of the Hankel matrices on the left-hand side provides Al-
gorithm 1, accomplishing LPV data-driven simulation. The
LPV generalizations of the special cases of LTI data-driven
simulation discussed in [33], e.g., zero input response, zero
initial condition response, impulse response, etc., directly
follow from the presented derivation of the LPV data-driven
simulation algorithm. This is also the case for, e.g., recursive
implementation of Algorithm 1 to simulate for 7, — oo, data-
driven simulation for LPV embeddings of nonlinear systems
via iterative scheduling refinement,® or data-based scheduling
estimation. While these topics are interesting, due to the sake
of space, they are not discussed in detail in this paper.

5The formal problem formulation in Section V-A does not require finding
a unique response for y, which is, however, often desired.

SIn the case of nonlinear systems, the scheduling is generally dependent
on w through a so-called scheduling map. In [34], an iterative procedure in
the context of model predictive control is used to obtain the w-dependent
scheduling signal, similar to the approach used in sequential quadratic
programming. See also Example 4 for application of the iterative scheme
in a nonlinear data-driven control setting.
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TABLE |: Parameters of the MSD system.

m S0 51 d Ts
25 [kg] 5.5 [N/m] 4.5 [N/m] 1 [Ns/m] 0.1 [s]
—  2r 1
Z
— 0
=
3 _2 N

-0.1 L L f f
1 40 80 120 160

k

Fig. 5: Data-dictionary measured from the LPV MSD system with
Ny = 161.

VI. EXAMPLES

To illustrate the validity and effectiveness of the data-driven
representations, we demonstrate their capabilities on an LPV
system and an LPV embedding of a nonlinear system in a
simulation and control scenario.

Example 3. For this first example, we use the MSD system
presented in Example 1 with parameters given in Table I. Note
that the system is SISO and L(®8) = n(®B) = 2. In this
example, we want to perform a data-driven simulation of this
system for 7, = 35 samples (corresponding to 3.5 seconds),
without having access to (5) or its parameters; only a measured
data set from the system is available. We consider three cases:
Case 1: Conditions of Theorem 1 hold and 7} > L(B);
Case 2: Conditions of Theorem 1 do not hold and 7; > L(8);
Case 3: Conditions of Theorem 1 hold and T} < L(%8).
For the Cases 1 and 2, T} = 5 is chosen, while, for Case 3,
T; = 1. We generate a data-dictionary Dy, of length Ny =
(1+nwnp +m(B))L +n(B) — 1 = 161, cf. (31), and take,
for Case 2, Ng = 151 by disregarding the last 10 samples in
Dn,. The data-dictionary used in this example is shown in
Fig. 5, where (k) ~ N(0,1) and p(k) ~ N (0, 1). With (30),
it is verified that Dy, satisfies the LPV-GPE condition and
can represent the behavior on the horizon T; + T} for Cases 1
and 3, while the LPV-GPE condition does not hold for Case 2.
We now solve Algorithm 1 for the aforementioned three
cases. By solving (35) in the least-squares sense and observe
that, as expected, the following norm

Hr, (W, vy -7) vec(w;)
Hr, (U 41,5,)) g — | vec(uy)

M (0 ) = Pl H () 0 I,

is zero for Cases 1 and 3, while, for Case 2, it is 0.58. Com-
puting the simulated outputs with (36) for all the considered
cases gives the results in Fig. 6, which are compared to a
model-based simulation of (5) shown in red. In Case 1, all the

— 50.04

g
& = 0.02
=0

Y

—0.04f |
—0.02f
0

N

Case 2
y(k

0.1F T et

®®ccccccccccccscoscvoccc?

Case 3
y(k) [N]

L3
® e
®®®cccccccs0000000 0

-0.1k . . . =
1 10 20 30 40

Fig. 6: Simulation results for Cases 1-3. The red solid line is the
model-based simulation, the initial trajectory is indicated with the
light-blue dotted line and the gray shaded area, while the blue dotted
line represents the data-driven simulation result. For Case 1 the
model-based and data-based simulations coincide. Case 2 results in
a simulated output that is not connected to the initial trajectory and
hence does not coincide with the model-based simulation. The data-
driven simulation results for Case 3 show a continuation of the initial
trajectory, but the simulated output trajectory is not unique which is
illustrated by plotting several valid solutions for y;.

conditions for LPV data-driven simulation are satisfied, and
indeed the model-based and data-based simulations coincide.
The simulation result for Case 2 shows that g, is both not
connected to the initial trajectory and not coinciding with
the model-based simulation, i.e., the behavior, which contains
the true trajectory, is not represented by the data in the
smaller Dy,. The solution to (35) with Case 3 results in a
larger space for the valid g vectors and thus a set of possible y,
trajectories. This is because with T} < L(®5), the problem (35)
is under-determined, i.e., there are infinitely many solutions for
yr for which (col(ui,yi), pi) A (col(ur, 4:), i) € Bl 14y
We have illustrated this by plotting a number of valid solutions
for y,, all of which are a valid continuation of the initial
trajectory. <

Example 4. In this next example, we apply our methods on a
nonlinear system that is embedded in an LPV form. Consider
the nonlinear system

y(k) + (0.2 — 0.4 tanh(y(k — 1)))y(k — 1)
+ tanh(y(k — 2))y(k — 2) = 1.2u(k — 1)
+ 0.4sin(u(k — 1))6_?’2(1’“_1)
+ (1+ 0.6 tanh(y(k — 2)))y(k — 2), (37)

and define p := ¢ (u,y) = [tanh(y) sinc(u)e=¥" |T. This
scheduling map defines an LPV embedding of (37) that has the
form (1). We will now use Algorithm 1 in a control setting (by
seeing w; as a decision variable) to achieve direct data-driven
feedforward control of the nonlinear system (37) under the
assumption that we know % (see [20] on how to overcome this
assumption). To achieve this, we will make use of Footnote 6.
We want to regulate the system (37) to its origin in 7, = 30
time-steps from an arbitrary initial trajectory of length 7; = 3,
without knowing anything about the system, except a given
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Fig. 7: Input, output, and scheduling sequences of Dy, in Example 4.
The scheduling p is defined by the scheduling map .

Algorithm 2 Data-driven control for nonlinear systems

Requires A data set Dy, € B |[1, Nal for which (30) holds, an
initial trajectory (wi,pi) € By 1), and an initial guess
for p;.

1: Repeat
2: Let 7?{};” — (piApe) © I,
3: Solve (38) and obtain (u,,y,)
4 Update p, < 9 (ur, yr)
5: Until p, has converged

Outputs u,

data set recorded a priori. To obtain the data set Dy,, we
generate Ny = 139 data samples, cf. (31), by applying an
input u(k) ~ N(0,1) to (37). The resulting trajectories are
shown in Fig. 7. A posteriori verification of (30) gives that
Dy, can represent B, 5 7).

Now, by exploiting Algorithm 1, we formulate the solution
of a predictive control problem, i.e., computing the required
input sequence on a given horizon to drive the nonlinear sys-
tem from arbitrary initial conditions to the origin. Specifically,
we iteratively solve the following quadratic program:

min (*) T Qvec(yy) + ()T Rvec(u,) (38a)
vee(wy)

- ) He (1, n,)) 9= vec(uy) ’
Mo (@) v,) = P He (W, va) Vecéyr)

(38b)

where in each iteration, after solving (38), we update Pfflfv
using the scheduling map ¢ applied on the solution (u,,y,).

This procedure is summarized in Algorithm 2. In [35]
it is shown that with some additional minor modifications,
this sequence of quadratic programs has a local contraction
property under assumptions similar to those for standard
sequential quadratic programming methods.

In this example, we choose () = R = I and take a zero-
trajectory as initial guess for p,. We solve Algorithm 2 for the
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Fig. 8: Input and output sequences for different iterations in Algo-
rithm 2 depicted with blue (less transparent lines correspond to a
higher iteration number). The final input trajectory obtained from
Algorithm 2 and the resulting output trajectory from the true system
are depicted in black.

initial trajectory

wi = ([38] [ 5] [ 952 ]) s
pi= (000, [9:001 [8:008 1) »
n—1

and took [[pP~! — p’|| < 107° as the stopping criterion
for Step 5 of Algorithm 2 with p] the updated scheduling
sequence after the n™ iteration. The trajectory for p, converged
in 12 steps. The difference between y, coming from (38) and
the true simulation with the implemented optimal u, (in the 2-
norm) is 1.5-10~7. We have plotted the results in Fig. 8. This
figure also shows (ul,yr), i.e., the optimized trajectories for
iteration n in Step 3 of Algorithm 2. The iterations are plotted
in the color spectrum from red (small n) and blue (large n).
These results show that the simulated trajectories of converge
to the true solution of the nonlinear system relatively fast, by
simply solving a number of simple quadratic programs. This
highlights how the derived results can be applied to establish
efficient direct data-driven analysis and control methods for
nonlinear systems. |

VIlI. CONCLUSIONS

In this paper, we derived foundational results for data-
driven LPV analysis and control of LPV systems in terms of
establishing a computable data-driven representation of LPV
systems together with a generalized form of a persistency of
excitation condition. The latter condition characterizes when
the data is sufficiently informative to describe the underlying
behavior of the system via such a data-driven representation.
Additionally, we provided a formal solution to the LPV data-
driven simulation problem to compute responses of LPV
systems for a given input and scheduling trajectory when no
model based knowledge is available for the system except
previously recorded data. We demonstrated validity of our
results through various examples, also showing applicability of
the proposed approaches for data-driven handling of nonlinear
systems.

In our work, we restricted the scope to LPV-SA systems,
i.e., systems that can be represented by an LPV-IO represen-
tation with shifted-affine scheduling dependence, which is a
practically useful class of systems. However, it is an important
objective of future research to generalize the results to other
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useful scheduling dependency classes and to handling noisy
data sets. Moreover, we consider the formulation of condi-
tions on the input and scheduling trajectories that allow for
experiment design with a priori guarantees on the satisfaction
of (30) an important topic for future research.
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APPENDIX |
PROOF OF LEMMA 1

Before we can give the proof for Lemma 1, we need some
intermediate results. We first write the LPV-SS representa-
tion (9) with (11) in a structured form. This, in turn, allows
us to draw conclusions on the observability of (9) with (11).
Finally, these are used to give the proof of Lemma 1.

A. Structured LPV-SS form

Through the state construction (12) and the affine
parametrization of the scheduling dependent polynomial co-
efficients of the kernel/IO representations, we can write the
LPV-SS representation in terms of z(k), u(k), p(k) ® y(k),
p(k) @ u(k), and p(k) ® p(k) ® u(k) by splitting up (11) into
scheduling-independent and scheduling-dependent parts:

z(k + 1) = Agz(k) + Bou(k) + App(k) @ x1(k)
+ Bpp(k) @ u(k) + Bppp(k) @ p(k) @ u(k),
(39a)

y(k) = Cx(k) + Dou(k) + Dpp(k) @ u(k), (39b)

with Ay, ..., D, as in (40) on the next page. Note that x; (k)
is as in (12b), i.e., z1(k) € R™. Formulation (39) separates
the LTI behavior from the parameter-varying behavior. By
substituting z1 in p(k) ® z1(k) in (39a) with (12b), the state
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Dy = bg o,

—ai,1bo,1 ... —a1,n,bo,ny
By, = : : , (40a)

—@n,,1b0,1 . —ny,npbo,ng

Dp = [50,1 bu,np]

(40b)

equation is written as

z(k + 1) = Aoxz(k) + Bou(k) + App(k) ® y(k)
+ Bop(k) @ u(k) + Bppp(k) @ p(k) @ u(k), (41)
where By, = By, — Ap(I,,, ® Do) and By, = By, — Ap(I, ®

D,). With this form, we can express a length L trajectory in
B 1, as follows

vec(yp, L)) = OLx + JTpvec(up, 1)) + ﬁ}jvec(yFLL])

+ 9vaec(uFLL]) + 9g’pvec(u}[)iu)a (42a)

with uff ) = (p(k) @ p(k) ® u(k:))izl and initial condition
x € R™, where

_ C% Do 0 - 0
0 CBy Dy
ﬁL = : s <7.L = . . . )
o1 : o0
L C4o CAL='By - OBy Dy
r 0 0 0
cA, .o
P __ P
o = . L )
L Lol 0
| cAt=tA, - cAL 0
- D, 0 0
P __ CB D
yL — . P . P ,
L: 15 - .; 0
LcAL='B, - CB, D,
- 0 0 0
CB
prp = PP (42b)
: 0
| CAE'B,, - CByp 0

With these formulations, we now provide observability and
minimality properties of the LPV-SS representation, which are
required for the proof of Lemma 1.

B. Observability of the structured LPV-SS form

We first introduce the notion of complete state-observability
from [14]:

Definition 1 (Complete state-observability [14]). An LPV-SS
representation (9) is called completely state-observable, if for
all (u,z,y,p) € B, (u,2’,y,p) € B it holds that x = 2.

From which, the next result follows:

Lemma 3. Given a shifted-affine LPV-10 realization (8) for
which the polynomials in (7) are left-coprime. The LPV-SS
representation with matrices (11) that is constructed from this
LPV-I0 representation is completely state-observable.

Proof. Consider (42) for some L > n,. Computing &, for
this L gives

—ai,o I 0 0
o = a%o —a20 —aipo I 0 0f>

i.e., Op is a tall, lower-triangular matrix with 1’s on the
diagonal, i.e., O is full column-rank. Hence, for a given
(up,z), Y,z Pi,z)) € Tuy,pB®, the initial state x can be
uniquely determined via (42), after which the state trajectory is
governed by (41). This implies that the state trajectory for k >
1 is unique. Since this holds for every L > ny, together with
the time-invariance property of LPV systems, the state trajec-
tory x corresponding to each (u,y,p) € T,y B*° is unique,
i.e., the representation is completely state-observable. |

This result states that for any scheduling sequence in Bp,
the representation (11) is observable. We have already estab-
lished in Section III-A.2 that we can always obtain a minimal
LPV-SS representation with static scheduling dependence for
the considered behaviors. Note that this minimal realization
will admit the same structure as discussed in Section I-A, i.e.,
we can always formulate (42) with an x of dimension n(‘B),
where the matrices Or,, ..., 7" are constructed as in (42b).

Finally, we have the following result, which is key in
deriving the proof for Lemma 1. This result links the rank
of the ‘LTI part’ of the observability matrix, i.e., &, to the
invariant integer L(*8).

Proposition 1. Given a minimal (11) constructed from (8)
where the polynomials in (7) are left-coprime. Then

rank(€0r) = n(B), if and only if L > L(*B).

Proof. First note that by Lemma 3, the representation is
observable for any p € Bp, including 0 € *Bp. Then
it follows from [28, Thm. 6] and [14, Sec. 4.3] that the
observability index and n,, i.e., L(28) are equal. This implies
that rank(€) = n(B), if and only if L > n, = L(B),
concluding the proof. |

We are now ready to give the proof of Lemma 1.

C. Proof of Lemma 1

Proof. Take an arbitrary pj1,1) € Bpl; ;) and an associated
col(up, 1), yp,r)) € %p|[1 - Now consider the formulation
of this trajectory in terms otJ (42). We can write

VGC('LL}[)LL]) = (pp,z) © In, )vec(up 1)),
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similarly for vec(yfl, L]) Furthermore, note that vec(u? upy L])
can be written as

vec(u?, U, L]) (1,2 © Inunp)vec(ufl,[/])'

Hence, with P™ = p;; 1) © I,

prratte = P, © I,
as

ws P™ = pp,) © In,, and
, we can rewrite (42) with x € R™(®)

ufp

I- ﬁEP”y)Vec(y[l,L]) = O0rx

+ (Tp + TEP™ 4 TP P vee(upy py). (43)

Hence, to characterize the manifest behavior of the LPV
system for a given scheduling sequence py; 1], we can use (43)
to express the dynamic relation of any trajectory in %p|[1 I
with

I 0
0 - egppn|veeltin) =
0 I X
O I+ yfpn“ + QEPP”“”P'P’”“ VeC(quL]) ’
(44)

As O% is a strictly lower block-triangular matrix and P
is a block diagonal matrix, OYP™ is always strictly lower
triangular. Therefore,

I 0
[O I —ﬁ’EP”Y} “5)
is nonsingular. Thus, we can write
vecwy ) = |1 0 To T x
L= o T-6%P| |00 2| |vec(up,)]’
By
(46)

with 2 = 7, + TFP™ + FFPPmme P Since w,p were
chosen arbitrarily, we conclude that the columns of B, form
a basis for %p|[1, 11- The dimension of this basis is purely
governed by [ é)L f@j because (45) is nonsingular. To conclude
the proof, observe that the LPV-SS representation is minimal
and L > L(*B). Hence, Proposition 1 gives that

rank ([ @QL éD — n(B) + m(B)L,

ie., rank(B,) = n(*B) + m(*B)L = dim(image(B,)) =
dim(By|}; 1))- [ ]

APPENDIX Il
PROOF OF THEOREM 1

Proof. We first prove Item (i) < Item (ii). First, note
that ‘Bp|[17L] is a linear subspace. From Lemma 1, we
know that for L > L(B), dim(Bpl; ) n(B) +
m(B)L. Hence, if (28) holds, then dim(%phLL]) =
dim(image(H (W1, n,))Np)) = n(B) + m(B)L, ie., (29)
holds, which concludes the ‘(28)=-(29)’ direction.

Now we show the ‘(28)«=(29)’ direction. Consider (25)
and an arbitrary scheduling sequence pj1,1) € Bpl}; 1. For
any ¢ that is both in the row space of /HL(ID[LNd]% and
in the kernel of (i 0P Al PH ()1 ny))» We obtain

a trajectory iy ). Based on the derivations in Section IV-
A, we conclude that (w7}, pj1,z)) trivially satisfies (1), i.e.,
(W1,2),P1,1)) € ‘B\[LL} and thus @ 1) € ‘Bﬁhl’L]. Hence,
for this fixed scheduling sequence py; ), the space spanned
by image(Hr (w1, n,))Np) is a subspace of %p\[l)m, ie.,

image(H . (Wp1,ny) ) Np) € Byl 1) - “7)

Therefore, as the dimension of %p|[1, 1) is equal to n(B) +
m(B)L, if (29) holds, then (47) must hold with equality,
i.e., (28) must hold. The proof of Item (iii) follows directly
from the above reasoning and the derivations in Section IV-
A. To prove Item (iv), note that through (19), the right-hand
side of condition (30) is equivalent to the right-hand side
of (21). Then, the proof follows from the fact that (21)<>(20),
from which (25) is obtained without any loss of equivalence.
Since Item (iii) < Item (ii), we have that (25)<(29), which
concludes the proof. |

APPENDIX Il
PROOF OF LEMMA 2

Proof. Consider the direct LPV-SS realization of X with
state dimension n(B) and behavior 2B5. Consider a tra-
.]eCtory (u[kl,k2]7y[kljfz]?p[kl,kg]77x[k17k2]) € %SS‘[kl,kzr with
ki > ko, and let us denote k = ko — k; and y; =
vec(Y(r,,ky)) for brevity (similarly for u and p). From the
discussion in Section I-A, we know that we can express
(u[k}17k)2]’y[k17k2]7p[k17k‘2]) € Tu,y,p SBSS‘[kth] in the form
of (42):

(I = OFPR 1)V = Ope(kr) + iy, (48)

where

o PPNu PP p"ulp Ty
2=+ '7;; P[kl,kg] + 9 P[kl kz]Pkl ka]

with Pk ko] T p[kl,kg] © In“, P[ki,kz] = p[]ﬂ,k‘g] ® Iny’ and
ok I Furthermore, we can also express
ék‘hkz] = Plki ko] © Lnyny,- X p

k2) by recursive application of (41) starting from x(k1):

x(ky) = Akz*k1 (k1) + VQ{;;P[Hkyhkz]y,; + Brup+

PPl a8+ ZR P Pl o) 4R (49)
where
'Q{E = [AgilAp o Ap 0]7 f@]} = [AE7130 -+ Bo 0],
‘%z = [Ag_lép Bp O]v (@PF [Ak 1Bpp Bpp 0]-

We will now express x(kg) in terms of only the trajecto-

ries (col(Ufk, ky)» Ylkr ka)) Plks,ke])- SUppose O has a left-
inverse ﬁfr , then we obtain the following expression for (k1 ):

x(ky) = ﬁ"'([ ﬁpPk o)V E*ﬁge@gu%.
Substitution of (50) in (49) gives

(50)

o(ks) = (Ak2 SO - 0P )+ AP kz]) n
(Ak2 O Dy + B+ BEPR

+%’P [71?;”/52 P[’,j;,kz])u,;, (51)
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i.e., x(ky) can be uniquely expressed from the trajectory
(col(Ufky k] Yikr,ka])> Plky ko)) given that O has aleft-inverse.
From Proposition 1, we have that 07 is full column rank, i.e.,
Oy has a left-inverse, if and only if & > L(B). For k; = 1
and ko = T1+1, x(k2) is the initial condition for the trajectory
(wy, pr), which can be uniquely expressed in terms of (wj, p;)
and” w(T; 4+ 1), p(T; + 1) if and only if & = T} > L(B),
concluding the proof. ]
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