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@ Complexity growth

N Increased performance demands

al  Energy efficiency | <

]
> Larger operating range
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Motivation
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vt = f(z,u)
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>
A
Simplification K |e—

Analysis & control with
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Motivation

Complexity growth _— , Modeling
= |ncomplete or even n
mpossible... Se
i P .-
= Costly o]

m Larger operating range —_— , Simplification

= [Tl tools insufficient

= Limitation guarantees

/’7\<—>@




Overcome modeling step
» Use data to describe
system behavior

» How to achieve analysis
and control directly?

Complexity growth
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m Larger operating range

Address nonlinear behavior LTI ‘

D NL

» Keep efficiency of LTI

» Through Linear Parameter-
Varying (LPV) framework

A

LPV




Complexity growth m Larger operating range

Use data to directly Address NL behavior
describe system behavior! through LPV framework!
( D
LPV

Today’s menu: Present a framework that addresses these!
* Systematically represent nonlinear systems from data

* Computationally efficient tools for design

e Give rigorous guarantees

11
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Three main ingredients

Data-driven LPV representations

» Fundamentals in data-driven control paradigm

Data-driven LPV analysis & control tools

» Generalization of LTI tools for design from data

Data-based global guarantees for nonlinear systems

» Efficient handling of nonlinear systems over full operating range
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Contents

Data-driven LPV representations
e Background in behavioral LTI data-driven analysis & control
* Behavioral approach for LPV systems

e Data-driven LPV representations

Data-driven LPV analysis & control tools

Data-based global guarantees for nonlinear systems
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Direct data-driven control

LTI approaches LPV approaches
* Frequency-domain methods * Time-domain approaches
* PID tuning [1] * VFRT methods [9]
* Nyquist stability (conservative) [2] * Frequency-domain
* Nyquist stability (necessary & sufficient) [3] « Nyquist-based, conservative [10]

* MIMO stab. through approximation [4] [. Behavioral [12]]

e Time-domain methods

 Virtual-feedback reference tuning (VFRT) [5] NL approaches _ _ '
* Non-iterative correlation-based tuning (CbT) [6] * Sector bounded static nonlinearites [13]

[- Behavioral methods [7,8]] e Behavioral (LTI+, Wiener & Ham.) [14-16]]
* Many more ...

[1] K. Astrom, et al., ECC, 2013 [5] M. Campi, et al., Automatica, 2002 [9] Formentin et al. Automatica, 2016 [13] Nicoletti et al., J. Rob. Cont., 2018
[2] S. Khadraoui, et al., Automatica, 2014 [6] van Heusden, et al. Int. J. ACDS, 2011 [10] Kunze et. al, ECC, 2007 [14] Alsalti ,et. al., IEEE TAC, 2023

[3] A. Karimi et al., Int. J. Rob. Cont., 2018 [7] Markovsky, Dorfler, Ann.R. Cont.,2022 [11] Bloemers et. al., IEEE-LCSS, 2022 [15] Mishra, et. al., ESPC, 2021

[4] A. Karimi et al., Automatica 2017 [8] van Waarde, et al., TAC, 2023 [12] Verhoek et.al., IEEE TAC 2022 [16] Berberich, et. al., ECC, 2021



15

LTI behavioral theory

Behavioral concept (discrete time)

o u Y
Linearity —> m |[T—>
Time axis: T = 7Z Behavior: 8 C WT
I / * Linearity: 9B is a linear subspace of W7
Y — (T,W, %) * Time invariance: B = q¢"B,VT € Z

\ Signal space: W = R"v

w = col(u, y)

[16] Polderman, Willems: Int. to Mathematical Systems Theory: A Behavioral Approach, Springer (1998)




LTI behavioral theory

Kernel representation (discrete time)

u
Linearity —» 1 |

Ny

R(qw = Zriqiw =0

1=0

I Coefficients: r; € R™"*"w

\0 Forward time-shift: qiwk = Wk+1

[16] Polderman, Willems: Int. to Mathematical Systems Theory: A Behavioral Approach, Springer (1998)




LTI behavioral theory

Kernel representation (discrete time)

. . U Yy
Linearity —> m |[T—>
" . Existence of full row-rank
R(q)w = Z rigw =0 kernel representation
i=0

is the representation of the LTI system 3 = (T, W, B) if

B = {w e (R™)" | R(q)w = 0}

[16] Polderman, Willems: Int. to Mathematical Systems Theory: A Behavioral Approach, Springer (1998)
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Data-driven LTI behavioral representation

Data-driven representation (discrete time)

u
Linearity —» 1 |

DN — {uzayg };::1

d
Wy

(data dictionary)

[17] Willems et al.: A note on persistency of excitation, Systems & Control Letters, (2005).




Data-driven LTI behavioral representation

Data-driven representation (discrete time)

L u Yy
Linearity —> m |[T—>
Hankel matrix (L-row): Willems’ Fundamental Lemma [17]:
m,d d d .
wy Wy " WLt :
d d ol T image(H,(w")) = B, 1
o d) Wy wg WN_r+2
LW = . . . . |::>
; : " ; if rank(Hz (u?)) = no (L + ny)
wd wd o o wd
| YL L+1 N (Persistency of excitation)

(data dictionary)

[17] Willems et al.: A note on persistency of excitation, Systems & Control Letters, (2005).
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Data-driven LTI behavioral representation

Data-driven representation (discrete time)

u
Linearity —» 1 |

Hankel matrix (L-row):
m.d d d 0

ru)g;1 wgl o o o wé\’—L-’-l
Wy w3 " WN_49
d
Hi(w®) = . )
d d d
| Wy, Wpryq - Wy

(data dictionary)

[17] Willems et al.: A note on persistency of excitation, Systems & Control Letters, (2005).

19 [18] Markovsky & Déorfler: Identifiability in the behavioral setting. /EEE-TAC (2022)

Data-driven representation:

Jg € RN-LH
et = ooty

col(gj[LL],ﬂ[LL]) SPAINA




Data-driven LTI behavioral representation

Data-driven representation (discrete time)

Gathered data: Superposition principle:

U U1

—> LTI >

) A/
4/\/—“—2>LT1%_/\/_
-

}j\/\/\[LLTILJ\j\/\[

o1 B

N

20



21

Data-driven LTI behavioral control

Direct data-driven analysis and control design

* Analysis
* Simulation (Data spans the full behavior of length L) [7]
» Stability & performance analysis (dissipativity, quadratic perf., etc.) [19]

e Control

* Predictive control schemes (e.g., DeePC [8])
» State-feedback control [7]
* Noise handling & robustness guarantees [20]

& > 4,
yi Brr ||~ -

COMPLEX EXPERIMENT DATA-DRIVEN CONTROLLER HIGH-PERFORMANCE
SYSTEM DATA REPRESENTATION SYNTHESIS & STABLE OPERATIO

[7] Markovsky, et.al.: Data-driven simulation and control, /nt. Journal of Control, (2008)

[8] Coulson, et.al.: Data-Enabled Predictive Control: In the Shallows of the DeePC, in Proc. of the ECC, (2019)

[19] Romer et al.: One-shot verification of dissipativity properties from input-output data, Control Systems Letters, (2019)
[20] Berberich et al.: Data-Driven Model Predictive Control With Stability and Robustness Guarantees, /EEE TAC, (2021)
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Beyond linear systems?

m €

D N

LPV
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Linear parameter-varying framework

The Engineers’ Dream:
How to use “simple” linear control for NL systems with performance guarantees?
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Linear parameter-varying framework

Linear systems, varying along a measurable scheduling signal p € P

Variation

Tpe1 = A(pr)zr + B(pr)ug

pl Parameter
yr = C(pr)zr + D(pr)uk

Y

Linearity u_> LPV >

Usage: surrogate models of nonlinear systems (embedding principle)

1 = f(xg, ug), p‘“::w_(i‘“’u"’) Trr1 = A(pr)xr + B(pr)ug
Yk = h(zg, ug) prEP C 3 (X,U) yr = C(pr)zr + D(pr)us

P &—?j BLev
Trading a bit of conservatism for linearity! z{:: NL Z{: LPV

Nonlinear system LPV embedding Resulting behaviours

rC T U / e




Linear parameter-varying framework

Scheduling
functions

lp

I (interpolation) > A(p)

Zp Wa
z 4— P le—— w
Cheduling Spac, <
Yy u
Local approximation principle ~ x

zc wc

> A(p)

Local synthesis:

Gain scheduling
(interpolated LTI control)

24

I

Controller Synthesis

Nonlinear/time-varying
system

L )
Y
p j

(7]
2
o L
) o—
= -
© ' Linear
2 ' System
g | o—t
2
(7]

Global embedding principle

!

Global synthesis:

Optimal LPV control
(NL control)
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Linear parameter-varying framework

A plethora of success stories via model-based control

Pending question:
How to achieve data-driven LPV control with guarantees?
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LPV behavioral theory

Behavioral concept (discrete time)

- U Y
Linearity —>| Lpv |T— >
Time axis: T = Z Behavior: B8 C (W x P)T
/ * Linearity: B is a linear subspace for some p
> = (T,P,W,B) * Time invariance: 8 = ¢"B,Vr € Z
Scheduling space: P C R"» Signal space: W = R"v

w = col(u, y)

[21] T6th: Modeling and Identification of Linear Parameter-Varying Systems, Springer, (2010)
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LPV behavioral theory Linearty | —»l ey >

Kernel representation (discrete time)

Shift operator:
Coefficient functions: QWi = Wia1
r; : R™ — R"XMw - ‘

Types (static dep.): Z T (pk)qzwk: =0
* Affine/linear functions =0 I \
* Polynomial functions .
* Rational functions Confined in Signals:
* Meromorphic functions P CR"™ w:Z— R
g( ) holomorphic
r() = h(.) 7 h#0 Commutation problem (dynamic dependence):
Meromorphic field qzri (pk)wk # T (pk)wk"'i
Py € R Tw

[21] To6th: Modeling and Identification of Linear Parameter-Varying Systems, Springer, (2010)
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LPV behavioral theory Linearty | —»l ey >

Kernel representation (discrete time)

Shift operator:
Coefficient functions: QWi = Wia1
r; : R™ — R"XMw - ‘

Types (static dep.): Z T (pk)qzwk: =0
* Affine/linear functions =0 I \
* Polynomial functions .
* Rational functions Confined in Signals:
* Meromorphic functions P CR"™ w:Z— R
g( ) holomorphic
r() = h(.) 7 h#0 Commutation problem (dynamic dependence):
Meromorphic field qlri (pk)wk — T (pk+i)wk+i
Py € R Tw

[21] To6th: Modeling and Identification of Linear Parameter-Varying Systems, Springer, (2010)
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LPV behavioral theory Linearty | —>

Kernel representation (discrete time)

LPV

Shorthand for evaluation over

Coefficient functions with / dynamic dependence
finite dynamic dependence M 1 .
(2

Features:
1=0
* Causal N ~ _
7i(Dks Pk—1, Pk—25 - - -) R(q)op
* Non-causal \
Ti(- - Pkt 1s Phs Ph—15 - - -) Polynomials over R

R e R[g]™* ™

[21] T6th: Modeling and Identification of Linear Parameter-Varying Systems, Springer, (2010)
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LPV behavioral theory Linearty | —>

Kernel representation (discrete time)

Ny

(riop)pq'wg =0

1=0
. 7

"

R(q)op
is the representation of the LPV system X = (T, P, W, B) if

B = {(w,p) € (R™ x P)* | (R(q) o p)w = 0}

[21] T6th: Modeling and Identification of Linear Parameter-Varying Systems, Springer, (2010)

LPV |7




LPV behavioral theory

Behavioral concept (discrete time) lp

Linearity —» Lpv [T—»

2 = (T,P, W, B)

* Projected scheduling behavior:
Bp =m,B :={pe P’ | JwecW'st (w,p) € B}

* Projected behavior for a given: p € Bp

B, = {we W' | (w,p) eB}

[21] T6th: Modeling and Identification of Linear Parameter-Varying Systems, Springer, (2010)
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Data-driven LPV behavioral representation — = |~

Data-driven representation (discrete time)

Ny

Z(ri O D)k g wy =0

1=0

7

Vo

R(q)op
Data-dictionary:

d d a1 N LPV Fundamental Lemma:
Dy = {ujp, Y3t Pi } s =)

spanfy, (Hr(w?)) = Bplj 1)
Complex condition

Can we simplify this to an easily (Persistency of excitation)
computable form / representation? existence of a “unique” R w.rt Dy.

[22] Verhoek, et. al: Fundamental Lemma for Data-Driven Analysis of Linear Parameter-Varying Systems, CDC, (2021)

rc TU/e
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Data-driven LPV behavioral representation — = |~

Data-driven representation (discrete time, simplified case)

Consider the 10 form (partitioned kernel rep.):

ry Nnp
Restricted, but useful
Ik ; Z<pk z)yk ’ ; Z<pk Z) b subclass of LPV systems
with shifted-affine scheduling dependence:
np np
a;(Pr—i) = a; 0 + Zai,jpj,k—ia bi(Pr—i) = bio + sz’,jpj,k—z‘
j=1 j=1

[22] Verhoek, et. al: Fundamental Lemma for Data-Driven Analysis of Linear Parameter-Varying Systems, CDC, (2021)
[23] Verhoek, et. al: The behavioral approach to data-driven LPV representations, Accepted for IEEE-TAC, (2024)
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Data-driven LPV behavioral representation —— = ||~
Data-driven representation (discrete time, simplified case)
yk+za2pkzykz Zb Ph—i ) Uk—i
= pk—z®yk 1 Dk— i QUK
Data-dictionary: Data-driven representation:
_f,d d d\N [ Hp(ud) ] col(y
DN — {ukaykapk}kzl :> HL(yd_) )= col(g[
Ho(p? @ u?) — P™Hp(u?) 0
| Hi(p? @y?) — P He(y?) ] 0

0

col(¥p1,z), Up1,1), P1,z)) € B,z

[22] Verhoek, et. al: Fundamental Lemma for Data-Driven Analysis of Linear Parameter-Varying Systems, CDC, (2021)
[23] Verhoek, et. al: The behavioral approach to data-driven LPV representations, Accepted for IEEE-TAC, (2024)




Data-driven LPV behavioral representation —— = [~

Simplified LPV Fundamental Lemma (discrete time)

Given Dy = {u%,yg,p%};{il and let

N, := nullspace { [Zi 8;3 g ng B gzzigzjﬂ }  H(wd) = [HL(Ud)]

Then, for all scheduling signals p € Bp

Bl = image(Hr (wh)Np) <= rank(Hr(w)Np) = nyx + nyL

* The state-feedback case follows the same arguments

e Testforall p € Bpreduces to finite test (see [23])

[23] Verhoek, et. al: The behavioral approach to data-driven LPV representations, Accepted for IEEE-TAC, (2024)

34
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Data-driven LPV analysis & control tools

Use representation for developing efficient tools!

* Analysis ]
° St a b i I ity ‘551152251‘397ﬁ*?iﬁlﬁ%é‘;‘éﬁ? - ééés ﬁﬁ%g;?
* Performance (dissipativity)

col(t,ry)
_ col(¥p1,1))
 Control

* State-feedback/output-feedback

* Predictive control

(16035

* Trajectory planning




Data-driven LPV analysis & control tools

Analysis tools: e

» Simulation directly from data [23]
» Interpolation directly from data [24]

» Dissipativity (performance) analysis directly from data [25]

0 Do

0 Do

D e R ) P (A

Problems are solved as QP/SDP: Di"F D17 Dy + Mpert

» Computationally efficient

» Easy to implement

' |
» Rigorous guarantees! FEEER

[23] Verhoek, et. al: The behavioral approach to data-driven LPV representations, Accepted for IEEE-TAC, (2024)
[24] Verhoek, et. al: Simulation, interpolation and approximation using data-driven LPV representations, 7o appear, (2025)
[25] Verhoek, et. al: Data-driven Dissipativity Analysis of Linear Parameter-Varying Systems, /EEE-TAC, (2023)




Data-driven LPV analysis & control tools

Controller design tools:

Fiengsmiainy

» Trajectory planning directly from data [24]

> Predictive control directly from data [26] \/ e K
» State-feedback synthesis directly from data [27]

min 330" 0k i) Cost function
Problems are solved as QP/SDP: ZE; col(iy, )

5.t Doy <y |9 = C°1<yw>], Representation
> Computationally efficient {Zgﬁgggyiﬁxﬁyi } [ 3 P

> Easy to implement [u} B [VeC(U[N_TﬁN_M)] |

> Rigorous guarantees! y vec(JiN—r.N-1]jk) Terminal ingred.
BOrousS & FEEER

[24] Verhoek, et. al: Simulation, interpolation and approximation using data-driven LPV representations, 7o appear, (2025)
[26] Verhoek, et. al: A Linear Parameter-Varying Approach to Data Predictive Control, Accepted for IEEE-TAC (2024)
[27] Verhoek, et. al: Direct Data-Driven State-Feedback Control of Linear Parameter-Varying Systems, /nt. J. Rob. & NL Contr., (2022)
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Data-driven LPV analysis & control tools

Applied in practice (unbalanced disc):

10 15 20

Optimal state-
feedback design

25 |
0 5 10 15 20
Time (t) [s]

Data-driven advantage
LPV controller synthesized using 7 data-points (70 milliseconds)!

[28] Verhoek, et. al: Direct data-driven LPV control of nonlinear systems: An experimental result, /FAC WC, (2023)




Data-driven LPV analysis & control tools

—>»| LPV

40
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Data-driven LPV analysis & control tools

zzzz

Vs

40




Data-driven LPV analysis & control tools

o

—>»| NL I— Embedding>—> LPV >

@ —> w Given the scheduling map
[ — Q"’?@ Valid in region around origin

41
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Data-driven LPV representations
Data-driven LPV analysis & control tools

Data-based global guarantees for nonlinear systems
» Learn scheduling map from data

» Achieve global guarantees through velocity form

“ @
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Learn scheduling map from data

* Now assume the basis function expansion of scheduling map

zt = f(z,u) = A(p)r + B(p)u
y = h(z,u) y = C(p)z + D(p)u

p = ¢($7 u)

with
/o Online measurements

Scheduling map e—" ¢ Z Oéz/'iw
i=1 I \o Data-dictionary

Characterize with data

> Learn the basis functions from data with kernel methods

[39] Verhoek, Téth: Kernel-based multi-step predictors for data-driven analysis and control of nonlinear systems through
the velocity form, arXiv:2408.00688, (2024).

ipEIP’Z

Av—> LPV

—>» Ay

LPV velocity system
representation




Kernelized data-driven representations

e Employ RKHS and LS-SVM framework
* Existing kernelized data-driven representations — unstructured [40]
* Exploit linear structure of LPV form through kernel construction

* Efficient & flexible

e Quasi-linear expansion can be achieved for cont. diff. maps
* Direct representation or scheduling map recovery

* Earlier presented tools directly applicable!

[39] Verhoek, Téth: Kernel-based multi-step predictors for data-driven analysis and control of nonlinear systems through
44 the velocity form, arXiv:2408.00688, (2024).
[40] Huang, Lygeros, Dorfler: Robust and kernelized data-enabled predictive control for nonlinear systems, IEEE-TCST, 2024.
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Kernelized data-driven representations

A short simulation example — compare structured/

* Unbalanced disc system (true)

» L step ahead predictor (L = 15)

* Small/large/noisy data set

Ay(k), Ng = 110

0.02

0.02}
ol
-0.02¢
5 10
Time-step k

[39] Verhoek, Téth: Kernel-based multi-step predictors for data-driven analysis and control of nonlinear systems through

15

the velocity form, arXiv:2408.00688, (2024).

Ay(k),

Ny = 1100

-0.02}
1-0.04}

5 10 15
Time-step k

0.04

1 0.02¢

-0.02}
-0.04}
-0.06t

formulations

Ay(k)a noisy DNd

5 10 15
Time-step k
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-0.02[ ‘ 1-0.04} {-0.04; ’

Kernelized data-driven representations

A short simulation example — compare structured/ formulations
* Unbalanced disc system (true)

» [ step ahead predictor (L = 25), same kernels/hyperparameters/etc.

* Small/large/noisy data set

Ay(k), Nqg =110 Ay(k), Ng = 1100 Ay(k), noisy Dy,

0.04
0.02} /"\/ 0.0(2):\ /._\/\/\ 0_()3. /VA\/?VC\’ ]
Of\ | -0.02} \/ \ -0.02-\ | \

5 10 15 20 25 5 10 15 20 25 5 10 15 20 25
Time-step k Time-step k Time-step k

[39] Verhoek, Téth: Kernel-based multi-step predictors for data-driven analysis and control of nonlinear systems through
the velocity form, arXiv:2408.00688, (2024).
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Contents

Data-driven LPV representations
Data-driven LPV analysis & control tools

Data-based global guarantees for nonlinear systems
}.

» Achieve global guarantees through velocity form

Y(x (11N
NV,

B
430633 2175182979862
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Concept of global stability

Nonlinear system (autonomous, discrete time)

NL




Concept of global stability

Vi

V(x,,X,)

A

/ grad V

/ grad V

dX <
dt

Lyapunov Stability

Core stability concept

Can fail in case of tracking!
A Closed-loop NL guarantees can be lost.

in the NL/LPV context

Incremental Stability

Convergence of trajectories
(equilibrium free stability)




Concept of global stability AY P Y AP

* Krasovskii type of condition t t
* Consider the time difference form > i AT A
A$k+1 — f(xk?) o f(ajk—l) Aﬂ?() € Rnx NL system Time difference
representation representation
Yof . y
AQZ]H_l = / 8_x(xk()\>) d\ - A{Ijk azk()\) = X1+ )\(iUk; — Zlfk_l)
0

|

Azpi1 = AT, xp—1)Azy,

[35] Koelewijn, et. al: Incremental Dissipativity based Control of Discrete-Time Nonlinear Systems using the LPV Framework, CDC (2021)
[36] Koelewijn: Analysis and Control of Nonlinear Systems with Stability and Performance Guarantees, PhD thesis, 2023
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Concept of global stability

* Krasovskii type of condition
e Consider the velocity form

Azpi1 = Az, xp—1)Azy,
Az € R"*

Shifted Stability
(Asymptotic)

There exists a KL function  such that
forany xg € X, thereisa z, € X s.t.:

[z = zulla < Bllzo = 2|2, k)

7

~—
ke~ t|zo—x||2

[35] Koelewijn, et. al: Incremental Dissipativity based Control of Discrete-Time Nonlinear Systems using the LPV Framework, CDC (2021)

A

!

Y

—

NL system
representation

—

Y, PlAPAr

f

AZ —> Az

Time difference
representation

[36] Koelewijn: Analysis and Control of Nonlinear Systems with Stability and Performance Guarantees, PhD thesis, 2023
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Concept of global stability AY P Y AP

* Krasovskii type of condition t t
* Consider the velocity form 3 i AT N
AiUk;.|.1 — A(ka LUk_l)Aﬂjk NL system Time differe_nce
Aaco c Rnx representation representation
Shifted Stability
(Asymptotic) Shifted Stability

. . Suffici diti
There exists a KL function 3 such that S

forany xg € X, thereisa z, € X s.t.:
|k — zi||2 < \B(Hw() — Zi||2, k) AT(E,E)XA(:E,.%) -X =<0

7

If there existsa X’ = 0 such that vz, z € X

~—
ke~ t|zo—x||2

[35] Koelewijn, et. al: Incremental Dissipativity based Control of Discrete-Time Nonlinear Systems using the LPV Framework, CDC (2021)
[36] Koelewijn: Analysis and Control of Nonlinear Systems with Stability and Performance Guarantees, PhD thesis, 2023




Concept of global stability AY P Y AP

* Krasovskii type of condition t t
e Consider the velocity form 5 i AY N
AiUk;_|_1 — A(ﬂ?k, CUk_l)Aﬂﬁk» NLsysten_i Time differe_nce
Axo c Rnx representation representation
 Quadratic stability Shifted Stability
(Sufficiency condition)
_ T
Viz) = Sf(x) B 93), X\(f(x) B x), X =0 If there exists a X’ = 0 such that vz, z € X
Ax Ax
T/ = _ =
Az’ AT (qz, ) X A(qe, ) Az — Az’ XAz <0 A (2, 2) X A(Z,7) — X <0

\
(f(z) = 2) A (f(2),2) XA(f (=), 2)(f(z) — ) = (f(2) — ) X(f(x) —2) <0

[35] Koelewijn, et. al: Incremental Dissipativity based Control of Discrete-Time Nonlinear Systems using the LPV Framework, CDC (2021)
[36] Koelewijn: Analysis and Control of Nonlinear Systems with Stability and Performance Guarantees, PhD thesis, 2023
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Z € By,
Concept of global stability l
AE —>» Az

Velocity system

* Velocity stability

* Enough to consider the stability of the velocity form fepresentation
Axpy1 = ATy, Tp—1) - Ay,
Velocity stability Shifted stability
X > 0 —> V(z) =0
AT(z,5)XA(Z,7) — X <0 AV(z) <0
Vee X, CX

Vi, z € X

[35] Koelewijn, et. al: Incremental Dissipativity based Control of Discrete-Time Nonlinear Systems using the LPV Framework, CDC (2021)
[36] Koelewijn: Analysis and Control of Nonlinear Systems with Stability and Performance Guarantees, PhD thesis, 2023




Z € By,
Concept of global stability l

AY

—>» Ax

* Velocity stability

* Enough to consider the stability of the velocity form

Velocity system
representation

Axpi1 = A(ka, jk_l) - Az Looks like an LPV form!

[35] Koelewijn, et. al: Incremental Dissipativity based Control of Discrete-Time Nonlinear Systems using the LPV Framework, CDC (2021)

54 [36] Koelewijn: Analysis and Control of Nonlinear Systems with Stability and Performance Guarantees, PhD thesis, 2023
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Concept of global stability l

LPV [——>As

* Velocity stability LPV velocity system

* Enough to consider the stability of the velocity form representation
Azpy = A(pr) - Az Looks like an LPV form!
Quadratic LPV stability Shifted stability
X =0 —> V(z) =0
AT(p)XA(p) — X <0 AV(z) <0
Vere X, CX

Vp € P LPV embedding

We can guarantee stability via an LPV
embedding of the velocity form

[35] Koelewijn, et. al: Incremental DissipatiVity basea ContrororIscrete=TTme Nonmear-systems-usmg-tnetFv-Framework, COC (2021)
[36] Koelewijn: Analysis and Control of Nonlinear Systems with Stability and Performance Guarantees, PhD thesis, 2023




Concept of global stability

Theory in pictures

A —

Stability

\
i

Stability

\
o —

Stability

Velocity stability

Stability w.r.t. time-difference dynamics

Shifted stability

Stability w.r.t. arbitrary equilibrium point

Lyapunov stability
Stability w.r.t. the origin

[36] Koelewijn: Analysis and Control of Nonlinear Systems with Stability and Performance Guarantees, PhD thesis, 2023
[37] Verhoek, et. al: Convex Incremental Dissipativity Analysis of Nonlinear Systems, Automatica, (2023)
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Concept of global performance

Theory in pictures

AY
Dissipativity

\
D

Dissipativity

\
2

Dissipativity

[36] Koelewijn: Analysis and Control of Nonlinear Systems with Stability and Performance Guarantees, PhD thesis, 2023
[37] Verhoek, et. al: Convex Incremental Dissipativity Analysis of Nonlinear Systems, Automatica, (2023)

* Under certain conditions, see [Sec. 8.3.3, 36]

Velocity dissipativity

Stability w.r.t. time-difference dynamics

k2

V(Axlﬁ) < V(Axk2) + Z S(Aut7Ayt)
t=Fk1
Shifted dissipativity*
Dissipativity w.r.t. arbitrary storage point
ko
V(xkl bl x*) S V(xk27 'I*) + Z S(“’t? u*? yt’ y*)
t=kq
General dissipativity
Dissipativity w.r.t. the origin N
2
V(zk) < Vizk)+ Y s(un,y)
t=k;




Data-driven NL controller synthesis

Primal domain

Nonlinear system

Plant
)y
Nonlinear controller _
Controller Realize controller

57

K

[38] Verhoek, et. al: Direct data-driven state-feedback control of general nonlinear systems, CDC, (2023)

Velocity domain

LPV data-driven
representation of AY

Synthesize a data-driven
LPV controller

Velocity controller
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l (ﬂ, i‘) € By,

Data-driven NL controller synthesis

Ay — AZ —>» Ay

« State-feedback synthesis

Velocity system

* Consider the time difference form (wy = col(ug, xr)) representation

Aﬂi'k;-|-1 = A(wk, wk_l)Aa:k —+ B(wk, wk_l)Auk,
Ayk = Ail?k

* Assume a given set of basis functions v, ..., 9y, such that

A(wp, wi—1) = Ao + ;21 Aithi (wi, wg—1)
B(wk, wi—1) = Bo + Y_; 21 Bithi (wi, w—1)

(possible to learn these with kernels)

[38] Verhoek, et. al: Direct data-driven state-feedback control of general nonlinear systems, CDC, (2023)
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Data-driven NL controller synthesis

« State-feedback synthesis
* LPV embedding

Axpi1 = Alpr) Az + B(pr) Aug,
Ay = Axy,

e Scheduling is defined as

Pk = w(xka Uy Tk—1, uk:—l)

[38] Verhoek, et. al: Direct data-driven state-feedback control of general nonlinear systems, CDC, (2023)

lpEIP’Z

A —>» LPV ——> Ay

LPV velocity system
representation
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p € PZ
Data-driven NL controller synthesis l

A —>» LPV ——> Ay

» State-feedback synthesis (velocity domain) LPV velocity system

representation

Azxpi1 = Alpr) Az + B(pr) Aug,
Ay = Az,

Data-dictionary:

DN—|—1 - {U’k‘vxk;}k 0 — D]% - {Augangap%}gzl

d d d d d ,.d d ,,d
Up — Uy T~ Ty (@, T ug, up )

» Construct data-driven LPV representation (of velocity form)
» Apply data-driven LPV control synthesis methods from before

[38] Verhoek, et. al: Direct data-driven state-feedback control of general nonlinear systems, CDC, (2023)
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Controller realization

Controller realization
* Velocity form (state-feedback case):
Aup, = AK (pr)Axy
= AK (Y(xg, U, To—1, Up—1)) Axp,

form 2 NL

e

\ 4
>
o
QI
-+
<

!

N -

NL system
representation

' Auy | Velocity | Axg |
e «— v |— A NL
' controller controller’

-

[38] Verhoek, et. al: Direct data-driven state-feedback control of general nonlinear systems, CDC, (2023)

Y, PlAPAr

f

AZ —> Az

Time difference
representation
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Controller realization

* Controller realization

* Velocity form (state-feedback case):

e Primal form (realization):

KNL <

p

[38] Verhoek, et. al: Direct data-driven state-feedback control of general nonlinear systems, CDC, (2023)

\

Preservation of guarantees
Realization preserves
shifted stability & dissipativity!

Auk = AK(pk)ALEk

= AK(Y(xk, Uk, Trp—1, Up—1))Axg Achievement:
The LPV synthesis is used as a
surrogate tool for designing an NL

0 0 controller with perf. guarantees.

I
Xkt = [AK(pk) I} Xk ¥ [AK(M)] o
up = |-AK(pe) 1] xx + AK(pr)xk
Pr = Y(Tk, Uk, X&)

Xk = [5’72—1 UZ—JT




Controller realization

* Unbalanced disc system (simulation):

» Basis functions chosen based on a priori knowledge

—0.25 )} — &
g g I
g 0.2 £ 2
—.0.15 L1
S 01 ? 1 ] I l =0
1 2 3 4 5 6 7 8 9
g 4 ' %20
£ = 0
=5 | l <& 20
1 2 3 4 5 6 7 8 9
2’ 40
= g — 20}
i (2)_ ° T PY T I Z’ 0F & rr"lll
= _421: l §228F L |“l 'Il.l'r I.I'L
1 2 3 4 5 6 7 8 10 20 30 40 50 60
Sample & [-] Sample k [-]
Data-dictionary Data-driven nonlinear, LPV and controller

[38] Verhoek, et. al:

Direct data-driven state-feedback control of general nonlinear systems, CDC, (2023)
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Conclusions
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A framework for:

Systematic data-driven analysis & control design for nonlinear systems
with stability & performance guarantees!
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Outlooks

* Scaling up to incremental stability and performance (reference tracking)
* Handling noise and stochastic aspects
* Integration into LPVcore (off-the-shelf software solution)

More info? Recap the talk?




