
Chris Verhoek – 9th of June 2025 core 
	

LPV 
	

Control Systems group, Dept. Electrical Engineering, Eindhoven University of Technology, The Netherlands

Chris Verhoek

Zardini lab, LIDS @ MIT
June 9, 2025

Systematic controller design for nonlinear systems,
directly from data



Chris Verhoek – 9th of June 2025

Eindhoven University of Technology (TU/e)

2020: MSc in Systems & Control (Cum Laude) 

2025: PhD Control Systems group (EE) (Cum Laude)

• Roland Tóth & Sofie Haesaert

A few things about me

2



Chris Verhoek – 9th of June 2025

Eindhoven University of Technology (TU/e)

MSc in Systems & Control (TU/e) 

PhD @ Control Systems group (EE) since Feb. ‘21

• Roland Tóth & Sofie Haesaert

Hiking (multi-day trails)

Drumming (jazz)

A few things about me

3



Chris Verhoek – 9th of June 2025

Motivation
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Motivation

Complexity growth

Increased performance demands

• Energy efficiency

• Higher speed & accuracy

• Harsher disturbances

Larger operating range
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Simplification

Modeling

Analysis & control with 
guarantees 

Motivation
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Analysis & control with 
guarantees 

First-Principles 

Linear 
Time-Invariant

LTI framework

Modeling

Motivation
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Complexity growth

Larger operating range

Modeling
§ Incomplete or even 

impossible...
§ Costly

Simplification
§ LTI tools insufficient
§ Limitation guarantees

Motivation
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Complexity growth

Overcome modeling step
Ø Use data to describe 

system behavior
Ø How to achieve analysis 

and control directly? 
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Larger operating range

LTI NL

LPV

Address nonlinear behavior
Ø Keep efficiency of LTI
Ø Through Linear Parameter-

Varying (LPV) framework
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Complexity growth Larger operating range

Use data to directly 
describe system behavior!

Address NL behavior 
through LPV framework!

LPV

Today’s menu: Present a framework that addresses these!
• Systematically represent nonlinear systems from data
• Computationally efficient tools for design
• Give rigorous guarantees

11
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Three main ingredients

Data-driven LPV representations
Ø Fundamentals in data-driven control paradigm

Data-driven LPV analysis & control tools
Ø Generalization of LTI tools for design from data

Data-based global guarantees for nonlinear systems
Ø Efficient handling of nonlinear systems over full operating range

12
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Contents

Data-driven LPV representations

• Background in behavioral LTI data-driven analysis & control

• Behavioral approach for LPV systems

• Data-driven LPV representations

Data-driven LPV analysis & control tools

Data-based global guarantees for nonlinear systems
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LTI approaches 
• Frequency-domain methods
• PID tuning [1]
• Nyquist stability (conservative) [2]
• Nyquist stability (necessary & sufficient) [3]
• MIMO stab. through approximation [4]

• Time-domain methods
• Virtual-feedback reference tuning (VFRT) [5]
• Non-iterative correlation-based tuning (CbT) [6]
• Behavioral methods [7,8]
• Many more …

Direct data-driven control

[1] K. Aström, et al., ECC, 2013           [5] M. Campi, et al., Automatica, 2002 [9] Formentin et al. Automatica, 2016  [13] Nicoletti et al., J. Rob. Cont., 2018               
[2] S. Khadraoui, et al., Automatica, 2014 [6] van Heusden, et al. Int. J. ACDS, 2011 [10] Kunze et. al, ECC , 2007   [14] Alsalti ,et. al., IEEE TAC, 2023
[3] A. Karimi et al., Int. J. Rob. Cont., 2018  [7] Markovsky, Dörfler, Ann.R. Cont.,2022 [11] Bloemers et. al., IEEE-LCSS, 2022 [15] Mishra, et. al., ESPC, 2021
[4] A. Karimi et al., Automatica 2017 [8] van Waarde, et al., TAC, 2023                  [12] Verhoek et.al., IEEE TAC 2022 [16] Berberich, et. al., ECC, 2021

LPV approaches
• Time-domain approaches
• VFRT methods [9]

• Frequency-domain 
• Nyquist-based, conservative [10]

• Behavioral [12]

NL approaches
• Sector bounded static nonlinearites [13]
• Behavioral (LTI+, Wiener & Ham.) [14-16]
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Behavioral concept (discrete time)

LTI behavioral theory

yu
LTILinearity

<latexit sha1_base64="ugpk1iUCc+om3EtNtLlxUhSaMgU="></latexit>

⌃ = (T,W,B)

Time axis:

Signal space:

Behavior:
<latexit sha1_base64="WKjP4JXDC1xTKCK6QXgy90Cgwsk="></latexit>

B ✓ WT

<latexit sha1_base64="r4Sb3cnCVEmSvIFGFEGHpH0KC6Q="></latexit>

W = Rnw

<latexit sha1_base64="7ew3Z8taLKWpTqDOBIUuxgJV5FA="></latexit>T = Z

<latexit sha1_base64="V5o8FrUjnY45ZJLZ0ts47tDUgAI="></latexit>

w = col(u, y)

• Linearity: is a linear subspace of
• Time invariance:

<latexit sha1_base64="iMilNbGyFGodBRa97Iedkzgn7N4="></latexit>

B
<latexit sha1_base64="tSL6G/JYYjpzS84t964fTiYDqvY="></latexit>

WT
<latexit sha1_base64="yzCca4m3xVpUFBYNQ3N9kary1VY="></latexit>

B = q⌧B, 8⌧ 2 Z

[16] Polderman, Willems: Int. to Mathematical Systems Theory: A Behavioral Approach, Springer (1998)
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Kernel representation (discrete time)

LTI behavioral theory

yu
LTILinearity

<latexit sha1_base64="qRWa/sZ6b+NrxspyYnAYlSxtwZM="></latexit>

R(q)w =
nrX

i=0

riq
iw = 0

Forward time-shift:

Coefficients:
<latexit sha1_base64="V//kBSUquvE14YkOgm0RD8Qcoig="></latexit>

ri 2 Rn⇥nw

<latexit sha1_base64="cd3arpsgTq/85xWTDCUgBu0FLc4="></latexit>

qiwk = wk+1

[16] Polderman, Willems: Int. to Mathematical Systems Theory: A Behavioral Approach, Springer (1998)
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Kernel representation (discrete time)

LTI behavioral theory

yu
LTILinearity

<latexit sha1_base64="qRWa/sZ6b+NrxspyYnAYlSxtwZM="></latexit>

R(q)w =
nrX

i=0

riq
iw = 0

<latexit sha1_base64="sbrvcENeCJuH57GRKFWePR9wuV0="></latexit>

B = {w 2 (Rnw)Z | R(q)w = 0}

is the representation of the LTI system                              if
<latexit sha1_base64="ugpk1iUCc+om3EtNtLlxUhSaMgU="></latexit>

⌃ = (T,W,B)

Existence of full row-rank 
kernel representation

[16] Polderman, Willems: Int. to Mathematical Systems Theory: A Behavioral Approach, Springer (1998)
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<latexit sha1_base64="WMxNFPTLiT4hz3iK7AhlzjV+T0I="></latexit>

DN =
�
ud
k, y

d
k| {z }

wd
k

 N

k=1

Data-driven representation (discrete time)

Data-driven LTI behavioral representation

yu
LTILinearity

[17] Willems et al.: A note on persistency of excitation, Systems & Control Letters, (2005).

(data dictionary)
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<latexit sha1_base64="pDZ3MOQGjJHl3UvjkFW/mXHwBuE="></latexit>

image(HL(w
d)) = B|[1,L]

<latexit sha1_base64="LSkwrHl8sf6DfcHaHucyqwv13Hk=">AAAD7XicfVLPb9MwFHYWfozwa4MjF4tqaAiokmwd7QFpEpchVdOQ6DZpKZXjuK01x4lsZ11lReLOmRviypW/BokT/Ck4aTWSFHhS5Jfvve97z34vTBmVynV/WGv2tes3bq7fcm7fuXvv/sbmg2OZZAKTAU5YIk5DJAmjnAwUVYycpoKgOGTkJDx/XcRPLoiQNOHv1DwlwxhNOB1TjJSBRpvWGxjESE0xYvogH/W3Z+/LfxHrKH 8KX8EgJBPKdWhAQS9zBy5tNvIqmfCJAfw6EOAoUbKM6MMX/WdeXo0HQUXKb0rt/F/K/5dUcLFM/ONEdaRWt9+sq5tt1mofViKlSkB4dPU0o42W23ZLg6uOt3RaYGlH5vE/BlGCs5hwhRmS8sxzUzXUSCiKGcmdIJMkRfgcTciZcTmKiRzqcug53DJIBMeJMB9XsESdrQpFXy4yqzIaxVLO49DQi5vIZqwA/x4T80hOGV9RU9O4jpFMYkFT1WhfjbtDTXmaKcLxovtxxqBKYLGWMKKCYMXmxkGGbh4A4ikSCCuzvI4TRGRsNry8kI4TgfiE5FpMwly77W7HdZ+77R2/Uxxur+vmDcKcMJbMrgg9v1dk7vV2i8MzvNxxzPi85rBWnWO/7e21O293W/vuh8Ug18Ej8BhsAw+8BPvgAByBAcDWN+u79dP6ZSf2J/uz/WWRumYth/8Q1Mz++hvHwD03</latexit>

HL(w
d) =

2

6664

wd
1 wd

2 · · · wd
N�L+1

wd
2 wd

3 · · · wd
N�L+2

...
...

. . .
...

wd
L wd

L+1 · · · wd
N

3

7775

Data-driven representation (discrete time)

Data-driven LTI behavioral representation

yu
LTILinearity

[17] Willems et al.: A note on persistency of excitation, Systems & Control Letters, (2005).

Hankel matrix (L-row): Willems’ Fundamental Lemma [17]:  

(Persistency of excitation)
(data dictionary)

if
<latexit sha1_base64="SGwfui/bf1Hccuy/IB+2qhbKvE0="></latexit>

rank(HL(u
d)) = nu(L+ nx)
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Data-driven representation (discrete time) 

Data-driven LTI behavioral representation

yu
LTILinearity

Data-driven representation: 

<latexit sha1_base64="1iSC/YRS6qSxVAZPExJ7447gEQo="></latexit>

m

(data dictionary)

<latexit sha1_base64="vkNHxOyzBTz9V51wMS2aB/4owlg="></latexit>

9g 2 RN�L+1

Hankel matrix (L-row):

[17] Willems et al.: A note on persistency of excitation, Systems & Control Letters, (2005).
[18] Markovsky & Dörfler: Identifiability in the behavioral setting. IEEE-TAC (2022)

<latexit sha1_base64="LSkwrHl8sf6DfcHaHucyqwv13Hk=">AAAD7XicfVLPb9MwFHYWfozwa4MjF4tqaAiokmwd7QFpEpchVdOQ6DZpKZXjuK01x4lsZ11lReLOmRviypW/BokT/Ck4aTWSFHhS5Jfvve97z34vTBmVynV/WGv2tes3bq7fcm7fuXvv/sbmg2OZZAKTAU5YIk5DJAmjnAwUVYycpoKgOGTkJDx/XcRPLoiQNOHv1DwlwxhNOB1TjJSBRpvWGxjESE0xYvogH/W3Z+/LfxHrKH 8KX8EgJBPKdWhAQS9zBy5tNvIqmfCJAfw6EOAoUbKM6MMX/WdeXo0HQUXKb0rt/F/K/5dUcLFM/ONEdaRWt9+sq5tt1mofViKlSkB4dPU0o42W23ZLg6uOt3RaYGlH5vE/BlGCs5hwhRmS8sxzUzXUSCiKGcmdIJMkRfgcTciZcTmKiRzqcug53DJIBMeJMB9XsESdrQpFXy4yqzIaxVLO49DQi5vIZqwA/x4T80hOGV9RU9O4jpFMYkFT1WhfjbtDTXmaKcLxovtxxqBKYLGWMKKCYMXmxkGGbh4A4ikSCCuzvI4TRGRsNry8kI4TgfiE5FpMwly77W7HdZ+77R2/Uxxur+vmDcKcMJbMrgg9v1dk7vV2i8MzvNxxzPi85rBWnWO/7e21O293W/vuh8Ug18Ej8BhsAw+8BPvgAByBAcDWN+u79dP6ZSf2J/uz/WWRumYth/8Q1Mz++hvHwD03</latexit>

HL(w
d) =

2

6664

wd
1 wd

2 · · · wd
N�L+1

wd
2 wd

3 · · · wd
N�L+2

...
...

. . .
...

wd
L wd

L+1 · · · wd
N

3

7775

<latexit sha1_base64="iruUnDh53HdBU4KIXTGuPEDDz9c="></latexit>
HL(ud)
HL(yd)

�
g =


col(ū[1,L])
col(ȳ[1,L])

�

<latexit sha1_base64="Hs+HQBttoF3L+hO4c3SMHSTIdoU="></latexit>

col(ȳ[1,L], ū[1,L]) 2 B[1,L]
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Data-driven representation (discrete time)

Data-driven LTI behavioral representation

Gathered data: Superposition principle:

(Data-driven representation)

20
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Direct data-driven analysis and control design

• Analysis
• Simulation (Data spans the full behavior of length     ) [7]
• Stability & performance analysis (dissipativity, quadratic perf., etc.) [19]

• Control
• Predictive control schemes (e.g., DeePC [8])
• State-feedback control [7]
• Noise handling & robustness guarantees [20]

Data-driven LTI behavioral control

<latexit sha1_base64="EbyDfLx0vyQ10gz+7n8cFM9stLw="></latexit>

L

[7] Markovsky, et.al.: Data-driven simulation and control, Int. Journal of Control, (2008) 
[8] Coulson, et.al.: Data-Enabled Predictive Control: In the Shallows of the DeePC, in Proc. of the ECC, (2019)
[19] Romer et al.: One-shot verification of dissipativity properties from input-output data, Control Systems Letters, (2019) 
[20] Berberich et al.: Data-Driven Model Predictive Control With Stability and Robustness Guarantees, IEEE TAC, (2021)

21
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Beyond linear systems?

LTI NL

LPV

22
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Linear parameter-varying framework

The Engineers’ Dream:
How to use “simple” linear control for NL systems with performance guarantees? 

23
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Linear parameter-varying framework

Linear systems, varying along a measurable scheduling signal

Usage: surrogate models of nonlinear systems (embedding principle)

Trading a bit of conservatism for linearity!

<latexit sha1_base64="swkncfbmA7YrxelxhvGlsKsQLM8="></latexit>

xk+1 = A(pk)xk +B(pk)uk

yk = C(pk)xk +D(pk)uk

<latexit sha1_base64="0FBXOJBdl7wVScCJ0bTG81mcdeM="></latexit>

xk+1 = f(xk, uk),

yk = h(xk, uk)

}
pk:=ω(xk,uk)

→↑
pk→P↑ω(X,U)

{
xk+1 = A(pk)xk +B(pk)uk

yk = C(pk)xk +D(pk)uk

<latexit sha1_base64="xksuRjAhLMkioDrnU81rWa4Zwfw="></latexit>

p →P

23
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Local approximation principle

Linear
System

Si
gn

al
 v

ar
ia

bl
es

p

Nonlinear/time-varying 
system

Global embedding principle

Global synthesis:
Optimal LPV control

(NL control)

Local synthesis:
Gain scheduling

(interpolated LTI control) Controller Synthesis

Pz

y u

w

zΔ wΔ

K

Δ(p)

p

Δ(p)

p

zc wc

Linear parameter-varying framework
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Linear parameter-varying framework
A plethora of success stories via model-based control  

Pending question:
How to achieve data-driven LPV control with guarantees?

25
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[21] Tóth: Modeling and Identification of Linear Parameter-Varying Systems, Springer, (2010)

yu
LPVLinearity

pBehavioral concept (discrete time)

LPV behavioral theory

Time axis:

Signal space:

Behavior:

<latexit sha1_base64="r4Sb3cnCVEmSvIFGFEGHpH0KC6Q="></latexit>

W = Rnw

<latexit sha1_base64="7ew3Z8taLKWpTqDOBIUuxgJV5FA="></latexit>T = Z

<latexit sha1_base64="V5o8FrUjnY45ZJLZ0ts47tDUgAI="></latexit>

w = col(u, y)

• Linearity: is a linear subspace for some p
• Time invariance:

<latexit sha1_base64="iMilNbGyFGodBRa97Iedkzgn7N4="></latexit>

B
<latexit sha1_base64="yzCca4m3xVpUFBYNQ3N9kary1VY="></latexit>

B = q⌧B, 8⌧ 2 Z<latexit sha1_base64="yXyZ5LhwvoSOOjnbhZ5RTRxPh/s="></latexit>

⌃ = (T,P,W,B)

<latexit sha1_base64="4q2E0DYAA/qT72YFAAdnb9v68So="></latexit>

B ✓ (W⇥ P)T

Scheduling space:
<latexit sha1_base64="GRz7qnZ/X3ccdb6oBUgEclF6ZmA="></latexit>

P ✓ Rnp

26
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<latexit sha1_base64="V/ZwLIHM2lXYB7UYQkFA/pCs6AA="></latexit>

qiri(pk)wk 6= ri(pk)wk+i

<latexit sha1_base64="RI4cYsdhQP/3aHUPAJPAe71XgYU="></latexit> nrX

i=0

ri(pk)q
iwk = 0

Kernel representation (discrete time)

LPV behavioral theory

Shift operator:

Signals:
w : Z ! Rnw

Coefficient functions:

Types (static dep.):

• Affine/linear functions
• Polynomial functions
• Rational functions
• Meromorphic functions

ri : Rnp ! Rn⇥nw

r(⇧) = g(⇧)
h(⇧)

holomorphic
h 6= 0

Meromorphic field
ri 2 Rn⇥nw

Confined in
P ✓ Rnp

Commutation problem (dynamic dependence):

yu
LPVLinearity

p

<latexit sha1_base64="cd3arpsgTq/85xWTDCUgBu0FLc4="></latexit>

qiwk = wk+1

[21] Tóth: Modeling and Identification of Linear Parameter-Varying Systems, Springer, (2010)
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<latexit sha1_base64="Gm3UzltrnzLKWnrILIAxk+lJsCQ="></latexit>

qiri(pk)wk = ri(pk+i)wk+i

<latexit sha1_base64="RI4cYsdhQP/3aHUPAJPAe71XgYU="></latexit> nrX

i=0

ri(pk)q
iwk = 0

Kernel representation (discrete time)

LPV behavioral theory

Shift operator:

Signals:
w : Z ! Rnw

Coefficient functions:

Types (static dep.):

• Affine/linear functions
• Polynomial functions
• Rational functions
• Meromorphic functions

ri : Rnp ! Rn⇥nw

r(⇧) = g(⇧)
h(⇧)

holomorphic
h 6= 0

Meromorphic field
ri 2 Rn⇥nw

Confined in
P ✓ Rnp

Commutation problem (dynamic dependence):

yu
LPVLinearity

p

<latexit sha1_base64="cd3arpsgTq/85xWTDCUgBu0FLc4="></latexit>

qiwk = wk+1

[21] Tóth: Modeling and Identification of Linear Parameter-Varying Systems, Springer, (2010)
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Kernel representation (discrete time)

LPV behavioral theory

Coefficient functions with 
finite dynamic dependence

Features:
• Causal

• Non-causal

ri(pk, pk�1, pk�2, . . .)

ri(. . . , pk+1, pk, pk�1, . . .) Polynomials over R
R 2 R[⇠]n⇥nw

Shorthand for evaluation over 
dynamic dependence

yu
LPVLinearity

p

<latexit sha1_base64="lVjLn324BKsJ/kYMwxjuuF1N8fY="></latexit> nrX

i=0

(ri ⇧ p)k qi

| {z }
R(q)⇧p

wk = 0

[21] Tóth: Modeling and Identification of Linear Parameter-Varying Systems, Springer, (2010)
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Kernel representation (discrete time)

LPV behavioral theory

B = {(w, p) 2 (Rnw ⇥ P)Z | (R(q) ⇧ p)w = 0}

yu
LPVLinearity

p

is the representation of the LPV system                                  if
<latexit sha1_base64="yXyZ5LhwvoSOOjnbhZ5RTRxPh/s="></latexit>

⌃ = (T,P,W,B)

<latexit sha1_base64="lVjLn324BKsJ/kYMwxjuuF1N8fY="></latexit> nrX

i=0

(ri ⇧ p)k qi

| {z }
R(q)⇧p

wk = 0

[21] Tóth: Modeling and Identification of Linear Parameter-Varying Systems, Springer, (2010)
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yu
LPVLinearity

pBehavioral concept (discrete time)

LPV behavioral theory

<latexit sha1_base64="yXyZ5LhwvoSOOjnbhZ5RTRxPh/s="></latexit>

⌃ = (T,P,W,B)

• Projected scheduling behavior:

• Projected behavior for a given:
<latexit sha1_base64="G7kGpFBhM4V8NORfUoI1euZaJps="></latexit>

p 2 BP

[21] Tóth: Modeling and Identification of Linear Parameter-Varying Systems, Springer, (2010)
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<latexit sha1_base64="lVjLn324BKsJ/kYMwxjuuF1N8fY="></latexit> nrX

i=0

(ri ⇧ p)k qi

| {z }
R(q)⇧p

wk = 0

Data-driven representation (discrete time)

Data-driven LPV behavioral representation

Data-dictionary:
<latexit sha1_base64="HiANzM8obhHRBKd3mu5q59q+orA="></latexit>

DN =
�
ud
k, y

d
k , p

d
k

 N

k=1 <latexit sha1_base64="V35i71nY7ZVW2O+9xoge20Y/03g="></latexit>

spancolR,p(HL(w
d)) = Bp|[1,L]

LPV Fundamental Lemma: 

(Persistency of excitation) 
existence of a “unique“      w.r.t . 

<latexit sha1_base64="+Fp+J5IqbPyeAH169omoHY8SfSs="></latexit>

R
<latexit sha1_base64="R3QllA/NtOByGNnqVyuQbGDBvgQ="></latexit>

DN

Complex condition
Can we simplify this to an easily 

computable form / representation?

yu
LPVLinearity

p

[22] Verhoek, et. al: Fundamental Lemma for Data-Driven Analysis of Linear Parameter-Varying Systems,CDC, (2021)
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<latexit sha1_base64="/wlsjfzq5QMGGDgx3FQuUtxJLuU="></latexit>

ai(pk�i) = ai,0 +

npX

j=1

ai,jpj,k�i, bi(pk�i) = bi,0 +

npX

j=1

bi,jpj,k�i

Data-driven representation (discrete time, simplified case)

Data-driven LPV behavioral representation

<latexit sha1_base64="25qLsVAxfIs+I0Y5h1RHSZz4ikw="></latexit>

yk +
naX

i=1

ai(pk�i)yk�i =
nbX

i=1

bi(pk�i)uk�i

with shifted-affine scheduling dependence:

Consider the IO form (partitioned kernel rep.):

Restricted, but useful 
subclass of LPV systems

yu
LPVLinearity

p

[22] Verhoek, et. al: Fundamental Lemma for Data-Driven Analysis of Linear Parameter-Varying Systems,CDC, (2021)
[23] Verhoek, et. al: The behavioral approach to data-driven LPV representations, Accepted for IEEE-TAC, (2024)32
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<latexit sha1_base64="YBe75TmdARVlkMbVvjnf4LWnI+E="></latexit>2

664

HL(ud)
HL(yd)

HL(pd ⌦ ud)� P̄
nuHL(ud)

HL(pd ⌦ yd)� P̄
nyHL(yd)

3

775 g =

2

664

col(ū[1,L])
col(ȳ[1,L])

0
0

3

775

Data-driven representation (discrete time, simplified case)

Data-driven LPV behavioral representation

<latexit sha1_base64="25qLsVAxfIs+I0Y5h1RHSZz4ikw="></latexit>
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Data-driven representation: 
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[22] Verhoek, et. al: Fundamental Lemma for Data-Driven Analysis of Linear Parameter-Varying Systems,CDC, (2021)
[23] Verhoek, et. al: The behavioral approach to data-driven LPV representations, Accepted for IEEE-TAC, (2024)33
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<latexit sha1_base64="ohkpZhd+lIZmn0k8DYe4zAK/M7s="></latexit>

Np̄ := nullspace
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nyHL(yd)

��
, S := spancol

⇢
HL(ud)
HL(yd)

��

Simplified LPV Fundamental Lemma (discrete time)

• The state-feedback case follows the same arguments

• Test for all                reduces to finite test (see [23])

Data-driven LPV behavioral representation

Given                                            and let

Then, for all scheduling signals 

yu
LPVLinearity

p
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p̄ 2 BP

[23] Verhoek, et. al: The behavioral approach to data-driven LPV representations, Accepted for IEEE-TAC, (2024)
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Data-based global guarantees for nonlinear systems
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Data-driven LPV analysis & control tools

Use representation for developing efficient tools!

• Analysis
• Stability
• Performance (dissipativity)

• Control
• State-feedback/output-feedback
• Predictive control
• Trajectory planning

<latexit sha1_base64="YBe75TmdARVlkMbVvjnf4LWnI+E="></latexit>2
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Data-driven LPV analysis & control tools

Analysis tools:

Ø Simulation directly from data [23]

Ø Interpolation directly from data [24]

Ø Dissipativity (performance) analysis directly from data [25]

Problems are solved as QP/SDP:

Ø Computationally efficient

Ø Easy to implement

Ø Rigorous guarantees!

[23] Verhoek, et. al: The behavioral approach to data-driven LPV representations, Accepted for IEEE-TAC, (2024)
[24] Verhoek, et. al: Simulation, interpolation and approximation using data-driven LPV representations, To appear, (2025)
[25] Verhoek, et. al: Data-driven Dissipativity Analysis of Linear Parameter-Varying Systems, IEEE-TAC, (2023)
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Data-driven LPV analysis & control tools

Controller design tools:

Ø Trajectory planning directly from data [24]

Ø Predictive control directly from data [26]

Ø State-feedback synthesis directly from data [27]

Problems are solved as QP/SDP:

Ø Computationally efficient

Ø Easy to implement

Ø Rigorous guarantees!

[24] Verhoek, et. al: Simulation, interpolation and approximation using data-driven LPV representations, To appear, (2025)
[26] Verhoek, et. al: A Linear Parameter-Varying Approach to Data Predictive Control, Accepted for IEEE-TAC (2024)
[27] Verhoek, et. al: Direct Data-Driven State-Feedback Control of Linear Parameter-Varying Systems, Int. J. Rob. & NL Contr., (2022)

<latexit sha1_base64="gkJldcu6G/I/sjNoki4Te9PkzBw="></latexit>

min
gk

∑N→1
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=
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Cost function

Representation

Constraints

Terminal ingred.
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Applied in practice (unbalanced disc):

Data-driven advantage
LPV controller synthesized using 7 data-points (70 milliseconds)!

Optimal state-
feedback design

[28] Verhoek, et. al: Direct data-driven LPV control of nonlinear systems: An experimental result, IFAC WC, (2023)

Data-driven LPV analysis & control tools
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Data-driven LPV analysis & control tools
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<latexit sha1_base64="tLSbFwoMMpXBbSqHkVJSu5kYV3Y="></latexit>

p := ω(x, u)

Data-driven LPV analysis & control tools

40



Chris Verhoek – 9th of June 2025

Embedding

Given the scheduling map

Valid in region around origin

Data-driven LPV analysis & control tools
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Learn scheduling map from data
• Now assume the basis function expansion of scheduling map

with 

Ø Learn the basis functions from data with kernel methods

[39] Verhoek, Tóth: Kernel-based multi-step predictors for data-driven analysis and control of nonlinear systems through 
the velocity form, arXiv:2408.00688, (2024).

<latexit sha1_base64="HpmjAT2QnXLjzw0Tw0RO1JugCJ0="></latexit>

ω(w̄) =
N∑

i=1

εiϑwi(w̄)Scheduling map
Data-dictionary

Online measurements

Characterize with data
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p := ω(x, u)
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Kernelized data-driven representations

• Employ RKHS and LS-SVM framework

• Existing kernelized data-driven representations ➝ unstructured [40]

• Exploit linear structure of LPV form through kernel construction

• Efficient & flexible

• Quasi-linear expansion can be achieved for cont. diff. maps
• Direct representation or scheduling map recovery
• Earlier presented tools directly applicable!

[39] Verhoek, Tóth: Kernel-based multi-step predictors for data-driven analysis and control of nonlinear systems through 
the velocity form, arXiv:2408.00688, (2024).

[40] Huang, Lygeros, Dörfler: Robust and kernelized data-enabled predictive control for nonlinear systems, IEEE-TCST, 2024.44
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Kernelized data-driven representations
A short simulation example – compare structured/unstructured formulations

• Unbalanced disc system (true)

• L step ahead predictor (L = 15)

• Small/large/noisy data set

[39] Verhoek, Tóth: Kernel-based multi-step predictors for data-driven analysis and control of nonlinear systems through 
the velocity form, arXiv:2408.00688, (2024).45
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Kernelized data-driven representations
A short simulation example – compare structured/unstructured formulations

• Unbalanced disc system (true)

• L step ahead predictor (L = 25), same kernels/hyperparameters/etc.

• Small/large/noisy data set

[39] Verhoek, Tóth: Kernel-based multi-step predictors for data-driven analysis and control of nonlinear systems through 
the velocity form, arXiv:2408.00688, (2024).46
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Data-driven LPV analysis & control tools

Data-based global guarantees for nonlinear systems

Ø Learn scheduling map from data

Ø Achieve global guarantees through velocity form
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Nonlinear system (autonomous, discrete time)

Concept of global stability

x
NL

<latexit sha1_base64="ambD0NwxR90mRQwqUfm2K6Mw7Z0="></latexit>

xk+1 = f(xk)

<latexit sha1_base64="E3K0qShbz3s8uyrglFaKxoL4m/4="></latexit>

f 2 C1
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Concept of global stability

Lyapunov Stability
Core stability concept in the NL/LPV context

Can fail in case of tracking!
Closed-loop NL guarantees can be lost.

Incremental Stability
Convergence of trajectories 
(equilibrium free stability)
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Concept of global stability
• Krasovskii type of condition 

• Consider the time difference form
<latexit sha1_base64="5VbdLd2FHBRadT7OAaevukHzuYQ="></latexit>
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[35] Koelewijn, et. al: Incremental Dissipativity based Control of Discrete-Time Nonlinear Systems using the LPV Framework, CDC (2021)
[36] Koelewijn: Analysis and Control of Nonlinear Systems with Stability and Performance Guarantees, PhD thesis, 2023
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Concept of global stability
• Krasovskii type of condition 

• Consider the velocity form
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Shifted Stability 
(Asymptotic)

There exists a KL function     such that 
for any              , there is a               s.t.:
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[35] Koelewijn, et. al: Incremental Dissipativity based Control of Discrete-Time Nonlinear Systems using the LPV Framework, CDC (2021)
[36] Koelewijn: Analysis and Control of Nonlinear Systems with Stability and Performance Guarantees, PhD thesis, 2023
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Concept of global stability
• Krasovskii type of condition 

• Consider the velocity form
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Shifted Stability 
(Asymptotic)

There exists a KL function     such that 
for any              , there is a               s.t.:
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[35] Koelewijn, et. al: Incremental Dissipativity based Control of Discrete-Time Nonlinear Systems using the LPV Framework, CDC (2021)
[36] Koelewijn: Analysis and Control of Nonlinear Systems with Stability and Performance Guarantees, PhD thesis, 2023
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Concept of global stability
• Krasovskii type of condition 

• Consider the velocity form

• Quadratic stability
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Shifted Stability
(Sufficiency condition)

If there exists a              such that
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[35] Koelewijn, et. al: Incremental Dissipativity based Control of Discrete-Time Nonlinear Systems using the LPV Framework, CDC (2021)
[36] Koelewijn: Analysis and Control of Nonlinear Systems with Stability and Performance Guarantees, PhD thesis, 2023
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Concept of global stability
• Velocity stability

• Enough to consider the stability of the velocity form

<latexit sha1_base64="CXxciZYVWzdvvZbvuKRyQvSCmpA="></latexit>

�xk+1 = A(x̄k, x̄k�1) ·�xk

<latexit sha1_base64="sAqjmU7JKQmAvHM06Lvn2/GaDaM="></latexit>

A>(x̄, ¯̄x)XA(x̄, ¯̄x)� X � 0
<latexit sha1_base64="WReGb8OirJd6HcJBLY9nKPzdZ0c="></latexit>

8x̄, ¯̄x 2 X

Velocity stability
<latexit sha1_base64="KH3itiGpBn/OsD78y4msje8JhXE="></latexit>

X � 0

Shifted stability
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[35] Koelewijn, et. al: Incremental Dissipativity based Control of Discrete-Time Nonlinear Systems using the LPV Framework, CDC (2021)
[36] Koelewijn: Analysis and Control of Nonlinear Systems with Stability and Performance Guarantees, PhD thesis, 2023
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[35] Koelewijn, et. al: Incremental Dissipativity based Control of Discrete-Time Nonlinear Systems using the LPV Framework, CDC (2021)
[36] Koelewijn: Analysis and Control of Nonlinear Systems with Stability and Performance Guarantees, PhD thesis, 2023

Concept of global stability
• Velocity stability

• Enough to consider the stability of the velocity form

<latexit sha1_base64="CXxciZYVWzdvvZbvuKRyQvSCmpA="></latexit>

�xk+1 = A(x̄k, x̄k�1) ·�xk Looks like an LPV form!
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[35] Koelewijn, et. al: Incremental Dissipativity based Control of Discrete-Time Nonlinear Systems using the LPV Framework, CDC (2021)
[36] Koelewijn: Analysis and Control of Nonlinear Systems with Stability and Performance Guarantees, PhD thesis, 2023

Concept of global stability
• Velocity stability

• Enough to consider the stability of the velocity form

Quadratic LPV stability
<latexit sha1_base64="KH3itiGpBn/OsD78y4msje8JhXE="></latexit>

X � 0

Shifted stability
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8x 2 Xx⇤ ✓ X

Looks like an LPV form!
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LPV embedding
We can guarantee stability via an LPV 

embedding of the velocity form
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Theory in pictures

Concept of global stability

Velocity stability
Stability w.r.t. time-difference dynamics

Shifted stability
Stability w.r.t. arbitrary equilibrium point

Lyapunov stability
Stability w.r.t. the origin

[36] Koelewijn: Analysis and Control of Nonlinear Systems with Stability and Performance Guarantees, PhD thesis, 2023
[37] Verhoek, et. al:  Convex Incremental Dissipativity Analysis of Nonlinear Systems, Automatica, (2023)55
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Theory in pictures

Concept of global performance

Velocity dissipativity
Stability w.r.t. time-difference dynamics

Shifted dissipativity
Dissipativity w.r.t. arbitrary storage point

General dissipativity
Dissipativity w.r.t. the origin

<latexit sha1_base64="OxX6OLVg4dZH77Wmu1oBF7lIurU="></latexit>

V (�xk1)  V (�xk2) +
k2X
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s(�ut,�yt)
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s(ut, yt)
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V (xk1 , x⇤)  V (xk2 , x⇤) +
k2X

t=k1

s(ut, u⇤, yt, y⇤)

*

[36] Koelewijn: Analysis and Control of Nonlinear Systems with Stability and Performance Guarantees, PhD thesis, 2023
[37] Verhoek, et. al:  Convex Incremental Dissipativity Analysis of Nonlinear Systems, Automatica, (2023)
* Under certain conditions, see [Sec. 8.3.3, 36]56
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Data-driven NL controller synthesis

Plant

Controller

Primal domain Velocity domain

Gather velocity 
data dictionary

Synthesize a data-driven 
LPV controller

Realize controller
<latexit sha1_base64="z/A0r4Q3oUiJ9nQp3WCt/Q50Noo="></latexit>

K

LPV data-driven 
representation of ΔΣ 

Velocity controller
ΔK

Nonlinear controller

Nonlinear system
Σ

[38] Verhoek, et. al:  Direct data-driven state-feedback control of general nonlinear systems, CDC, (2023)
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Data-driven NL controller synthesis
• State-feedback synthesis 

• Consider the time difference form (                                )

• Assume a given set of basis functions                       , such that

(possible to learn these with kernels)

<latexit sha1_base64="+inWCGC5qH5T87xv1mRMy3IQKs4="></latexit>

�xk+1 = A(wk, wk�1)�xk + B(wk, wk�1)�uk,

�yk = �xk
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wk = col(uk, xk)
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 1, . . . , np
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A(wk, wk�1) = A0 +
Pnp

i=1Ai i(wk, wk�1)

B(wk, wk�1) = B0 +
Pnp

i=1Bi i(wk, wk�1)

[38] Verhoek, et. al:  Direct data-driven state-feedback control of general nonlinear systems, CDC, (2023)
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Data-driven NL controller synthesis
• State-feedback synthesis 

• LPV embedding

• Scheduling is defined as

<latexit sha1_base64="/FHPgRi1Ydjr/w4QmpQgfVTpOBc="></latexit>

�xk+1 = A(pk)�xk +B(pk)�uk,

�yk = �xk

<latexit sha1_base64="MfbyGRsTLnWK9ZJLdwqrcQNrAcw="></latexit>

pk :=  (xk, uk, xk�1, uk�1)

[38] Verhoek, et. al:  Direct data-driven state-feedback control of general nonlinear systems, CDC, (2023)
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Data-driven NL controller synthesis
• State-feedback synthesis (velocity domain)

<latexit sha1_base64="/FHPgRi1Ydjr/w4QmpQgfVTpOBc="></latexit>

�xk+1 = A(pk)�xk +B(pk)�uk,

�yk = �xk

Data-dictionary:

Ø Construct data-driven LPV representation (of velocity form)
Ø Apply data-driven LPV control synthesis methods from before

<latexit sha1_base64="sbIiI8a4HLtCOn0nyWavw13EbqM="></latexit>
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[38] Verhoek, et. al:  Direct data-driven state-feedback control of general nonlinear systems, CDC, (2023)
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Controller realization
• Controller realization

• Velocity form (state-feedback case):

[38] Verhoek, et. al:  Direct data-driven state-feedback control of general nonlinear systems, CDC, (2023)

<latexit sha1_base64="ppsxWADiU9EGqnTbMrznhz2Jsxc="></latexit>

�uk = �K(pk)�xk

= �K( (xk, uk, xk�1, uk�1))�xk
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Controller realization
• Controller realization

• Velocity form (state-feedback case):

• Primal form (realization):

Preservation of guarantees
Realization preserves 

shifted stability & dissipativity! 

Achievement:
The LPV synthesis is used as a 

surrogate tool for designing an NL 
controller with perf. guarantees.

[38] Verhoek, et. al:  Direct data-driven state-feedback control of general nonlinear systems, CDC, (2023)
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Controller realization
• Unbalanced disc system (simulation):

• Basis functions chosen based on a priori knowledge

Data-driven nonlinear, LPV and LTI controllerData-dictionary

[38] Verhoek, et. al:  Direct data-driven state-feedback control of general nonlinear systems, CDC, (2023)
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Contents

Data-driven LPV representations

Data-driven LPV analysis & control tools

Data-based global guarantees for nonlinear systems

Ø Learn scheduling map from data

Ø Achieve global guarantees through velocity form
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A framework for:
Systematic data-driven analysis & control design for nonlinear systems 

with stability & performance guarantees!

Kernels

Conclusions
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Outlooks

• Scaling up to incremental stability and performance (reference tracking)
• Handling noise and stochastic aspects
• Integration into LPVcore (off-the-shelf software solution)

More info? Recap the talk?

My PhD thesis This slide set
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